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1.9.1Geometry of Complex Numbers

Geometry of Complex Addit ion & Subtraction
What does addition look like on an Argand diagram?

= |nCartesian form two complexnumbers are added by adding the real and imaginary parts
= When plotted on an Argand diagram the complex number z; + z, is the longer diagonal of the
parallelogram with vertices at the origin, z;, zyand z; + z,

G/’7P{E]

Q* (-Z2) R({Z:-22)

What does subtraction look like on an Argand diagram?

= |n Cartesian form the difference of two complex numbers is found by subtracting the real and
imaginary parts

= When plotted on an Argand diagram the complex number z; - z, is the shorter diagonal of the
parallelogram with vertices at the origin, z;, -zx and z; - z»


https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

What are the geometrical representations of complex addition and subtraction?

= Letwbe agivencomplex numberwithreal part a and imaginary partb
= w=a+bi

= Letzbeanycomplexnumberrepresented onanArgand diagram

= Addingwtozresultsinzbeing:

a
= Translated by vector (b)

= Subtracting w fromzresultsinzbeing:

= Translated by vector (_3 \

\~-b)


https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

@ Worked example

Consider the complexnumbersz;=2 + 3iand z, = 3 - 2i.

OnanArgand diagram represent the complex numbers z;, z2, z; + z2and z; - z5.

Ficst £ind zZ.+Z, and 7 -7 :

Z, 4+ %= (2+30) +(3-2i) =5+

Z -2, = (2+31) -(3-2i) =-1+5
lm
)

Z-22=-] +5i
_E'L)(:
=
The

eormetr coll propecties Can ‘oe
Seen 'Io\\j addinj n -z, =-3+2
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Geometry of Complex Multiplication & Division
What do multiplication and division look like on an Argand diagram?

= The geometrical effect of multiplying a complex number by areal number, a, will be an enlargement of
the vector by scale factora
= Forpositive values of a the direction of the vector will not change but the distance of the point
from the origin willincrease by scale factora
= Fornegative values of a the direction of the vector will change and the distance of the point from
the originwillincrease by scale factora
= The geometrical effect of dividing a complex number by areal number, a, will be an enlargement of the
vector by scale factor1/a
= Forpositive values of a the direction of the vector will not change but the distance of the point
from the origin willincrease by scale factor1/a
= Fornegative values of a the direction of the vector will change and the distance of the point from
the originwillincrease by scale factor1/a
= The geometrical effect of multiplying a complex number by i will be arotation of the vector 90°
counter-clockwise
B i(x+yi)=-y+Xxi
= The geometrical effect of multiplying a complex number by animaginary number, ai, will be a rotation
90° counter-clockwise and an enlargement by scale factora
= ai(x +yi) = -ay + axi
= The geometrical effect of multiplying or dividing a complex number by a complex number willbe an
enlargement and arotation
= Thedirection of the vector will change
= The angle of rotationis the argument
= The distance of the point from the origin will change
= The scale factoris the modulus

What does complex conjugation look like on an Argand diagram?

= The geometrical effect of plotting a complex conjugate on an Argand diagramis areflectionin the real
axis
= Thereal part of the complex number will stay the same and the imaginary part will change sign
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@ Worked example
Considerthe complexnumberz=2-i.

OnanArgand diagram represent the complexnumbers z, 3z, iz, z* and zz*.

fiest £ind 32, 1z and =*

2 =2~

3z =3(2-1)= 6-3i

iz =1 (2-1) = 2i-i% = 2i-(-)) = | +2
2% = 9

zz* = (2-)(24) =4-* = 4-(-) =5

For more help, please visit www.exampaperspractice.co.uk
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1.9.2 Forms of Complex Numbers

Modulus-Argument (Polar) Form

How do | write a complex number in modulus-argument (polar) form?

= The Cartesian form of acomplexnumber, Z= X + iy, iswritteninterms of itsreal part, X, and its

imaginary part, Y
= Ifweletr= | Z| and 0= arg z,thenitis possible to write acomplex numberin terms of its modulus, I

,andits argument, 0, called the modulus-argument (polar) form, given by...

« z=1r{cos 6+ isin )

= Thisisoftenwrittenasz=rcis@

= Thisis giveninthe formula book under Modulus-argument (polar) form and exponential (Euler) form
= [tisusualto give argumentsintherange— T < 0 < Mor0 < 0 < 2T

= Negative arguments should be shown clearly

_ e,g.z=2(cos (_?”)Hsm (—?”)) = 2 cis (—%)

T ) 1
= without simplifying COS(— ?) to either COS ? orE

= The complex conjugate of rcisfisrcis(-6)
= |facomplexnumberis giveninthe form Z= I(COS 60— isin 9) thenitisnotin modulus-argument
(polar) form due to the minus sign
= |tcanbe converted by considering transformations of trigonometric functions
« —sinf@ = sin(—6) andcos@ = cos(— 6)
« so z=r{cosf—isinh) = z= r{cos(—0) +isin(—0)) = rcis(—0)
= To convert from modulus-argument (polar) form back to Cartesian form, evaluate the real and
imaginary parts

1 3
. E.g.Z=2(COS(—?ﬂ)+isin(—ﬂ)) becomes z=2| — +1 —£ =1 —ﬁi

3 2 2

How do I multiply complex numbers in modulus-argument (polar) form?

= The main benefit of writing complex numbers in modulus-argument (polar) formis that they multiply
and divide very easily

= To multiply two complex numbers in modulus-argument (polar) form we multiply their moduliand add
their arguments

25,|= 7|2,

arg (Z1 Zz) =arg z targ z,

= Soifz;=rcis(B;)andza=rycis(67)
" Z1Zo=II2 cis (91 + 92)
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= Sometimes the new argument, 91 + Qz,doesnotlieintherange—7'[ <0 < 1mor

0 < 0 < 271 ifthisis being used)

= Anout-of-range argument can be adjusted by either adding or subtracting 2 TC

27 T 7T
. E.g.lf(91=Tand92=? then 91 +92 = ?
» Thisiscurrentlynotintherange— T < @ < T
m ST
= Subtracting 2T from ? togive — ? ,anew argumentis formed

= Thisliesinthe correctrange andrepresents the same angle on an Argand diagram
= Therules of multiplying the moduli and adding the arguments can also be applied when...

= _multiplying three complex numbers together, Z1 2223 ,ormore

= . finding powers of acomplex number(e.g. Z2 canbe written as ZZ)
= Therules formultiplication can be proved algebraically by multiplying z; = r; cis (61) by z2 = r2 cis (82),
expanding the brackets and using compound angle formulae

How do | divide complex numbers in modulus-argument (polar) form?

= Todivide two complex numbersin modulus-argument (polar) form, we divide their moduliand
subtract their arguments

Izl B |Z1|
| %3 |z,
Zl
- arg| - |Sargz —arg z,
2
n Soifz;=rcis(B;)andzy=rycis(62) then
Z (0,-0)
= — =—2CIS -
1 2
Z, L

= Sometimes the new argument, 91 - 92,canlieoutofthe range— T < 0 < TT (ortherange

0 < 0 < 2 mifthisisbeingused)
= Youcanadd or subtract 2 TT to bring out-of-range arguments back inrange
= Therules fordivision can be proved algebraically by dividing z; = r; cis (61) by z» = ro cis (82) using
complex division and the compound angle formulae
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@ Worked example

3 B m\ .. (m
Letz, = 4/2 cis T4 endzy= J8 (cos(j) - 1sm(?))

a) Find z,z, giving your answer in the form I(COS9 + iSil’lQ) where0<0<2m

z, =47 as(3F) , 2, = [B(cos(-F) +isin(-}) = 2JZcis(-3)
foc 2,2, Multiply the moduli and odd e arguments
2,2, = (417 cis(CR) (2T ais(-3)

= (&J2)(212) cis(i’f{- +(-3)

= ]b(‘_is(%)

2,2, = \B(COS% + isinli-)

1 ..
Find —, giving your answerin the form I(COSH + 1811’19) where—TI<O< 1T

Z, e 2
Foc — divide the madull and suldkrack the arguments

2o wmas(R) | el cis(a_(y)
22 2Z cis(-%) 2z !

STL/‘_-\\STT-
Zes (T) T s not n the
-T<B&T
- /51 range
ZC"S(T_?-K‘) SO subtract 27T

Eo bfin.s ik wbto ronge

n

= 2(cos (%) + isin(%))
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Exponential (Euler's) Form

How do we write a complex number in Euler's (exponential) form?

= Acomplexnumbercanbe writtenin Euler'sformas Z= rei?

= Thisrelates to the modulus-argument (polar)formas Z = rei9 =rcis 0
= Thisshowsaclearlink between exponential functions and trigonometric functions
= Thisis givenin the formula booklet under 'Modulus-argument (polar) form and exponential (Euler)
form'
= The argumentis normally givenintherange O <6 < 2mn
= Howeverin exponential form other arguments can be used and the same convention of adding or
subtracting 2t can be applied

How do we multiply and divide complex numbers in Euler's form?

= Euler'sform allows for quick and easy multiplication and division of complex numbers

P 16, 1z & i6, N
. Z1 rle an 22 1'26 then
i(0,+0,)
n X == 1 2
Z1 22 rlrze
= Multiply the moduliand add the arguments
Z r. .
C Lm0y
4 h

= Divide the moduliand subtract the arguments
= Using these rules makes multiplying and dividing more than two complex numbers much easier thanin
Cartesian form
= Whenacomplexnumberis writtenin Euler's formitis easy toraise that complex number to a power

o If z= reif, 22 = 2210 ang 27 = rreni?
What are some common numbers in exponential form?

= AsCOS (2 T[) =1 andsin (2 T[) = (0 you canwrite:
| =e2mi
= Using the sameideayou can write:
w | =e0=e2Mi=dmi=bmi= g2kmi
= wherekisanyinteger
= As COS( 7T) = —1and sin( 7T) = (0 you can write:
= efli= -]
= Ormore commonly written as eif+1=0

= Thisisknown as Euler'sidentity and is considered by some mathematicians as the most
beautiful equation
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A cos(£)=0 dsin(£)=1 ite:
s > an ) you canwrite:

i
= i=e?

@ Worked example

T .
£ .
Consider the complexnumber Z=2¢ 3 Calculate Z2 giving your answer in the form reif,

2" = 29,_];‘-_i2 - (2% 26%) - 4&2(%0
)

ma&ipb the modulc
oadd the arguments
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Conversion of Forms

Converting from Cartesian form to modulus-argument (polar) form or exponential (Euler's)
form

= To convert from Cartesian form to modulus-argument (polar) form or exponential (Euler) formuse

c ==Xy

= and
» O=argz

Converting from modulus-argument (polar) form or exponential (Euler's) form to Cartesian
form

= To convert from modulus-argument (polar) form to Cartesian form
= Youmay need to use your knowledge of trig exact values
= a=rcosBandb=rsind
= Writez=r(cosO +isin®)asz=rcos0 +(rsinB )i
= Find the values of the trigonometric ratios rsin@ and rcos@
= Rewriteasz=a+biwhere
= To convert from exponential (Euler’s) form to Cartesian form first rewrite z=re® inthe formz=rcos8 + (r
sinB)i and then follow the steps above

Converting between complex number forms using your GDC

= Your GDC may also be able to convert complex numbers between the various forms
= Tlcalculators, forexample, have 'Convert to Polar' and 'Convert to Rectangular' (i.e. Cartesian) as
optionsinthe 'Complex Number Tools' menu
= Make sure you are familiar with your GDC and what it can (and cannot) do with complex numbers
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@ Worked example

27 .

-1

Two complex numbers are given by Z1 =2+2iand Z2 =3¢ 3

a) Write Z1 in the form rei?.

xomLed
Find the modulus: |Z,] = \] 2t +2¢ = J? =2]2
Drow a sketch to help find the argument:

Im
P |
- : s e ="rm\-‘(%) =-]-cm-‘(l)
i -
T4
e ! »Re
A
Z

r;
4
E( = 7_]_2_.6

b) Write Z2 inthe form I(C089 + isin@) and then convert it to Cartesian form.

s, B
| 270 *
3 - = 2T

3(-z +1 ()

E?.= -32—-(-| + El)
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1.9.3 Complex Roots of Polynomials

Complex Roots of Quadratics

What are complex roots?

= A quadratic equation can either have two realroots (zeros), arepeatedreal root ornoreal roots
= Thisdepends onthelocation of the graph of the quadratic with respect to the x-axis

= |f aquadratic equation has noreal roots we would previously have stated that it has no real solutions
= The quadratic equation will have a negative discriminant
= This means taking the square root of a negative number

= Complex numbers provide solutions for quadratic equations that have no real roots

How do we solve a quadratic equation when it has complex roots?

= If aquadratic equation takes the form ax? + bx + ¢ = 0 it can be solved by either using the quadratic
formula or completing the square
» If aquadratic equation takes the form ax? + b = O it can be solved by rearranging
= Thepropertyi=v-lisused
. \/—a=\/aX -1 =\/EX«/—1
= |f the coefficients of the quadratic are real then the complexroots will occurin complex conjugate
pairs
= |[fz=p+qi(g#0)isarootof aquadratic withreal coefficients thenz* = p - giisalso aroot
= Thereal part of the solutions will have the same value as the x coordinate of the turning point on the
graph of the quadratic
= Whenthe coefficients of the quadratic equation are non-real, the solutions will not be complex
conjugates
= Tosolve these you can use the quadratic formula

How do we factorise a quadratic equationif it has complex roots?

= |f we are given a quadratic equationin the form azZ+bz+c=0,wherea, b,andcer,a#0we canuseits
complexroots towrite it in factorised form
= Usethe quadratic formula to find the tworoots,z=p+qgiandz*=p - qi
= Thismeansthatz-(p +gi)andz - (p - gi) must both be factors of the quadratic equation
= Therefore we canwrite az2+bz+c=a(z- (p+qi))z-(p-qi)
= Thiscanberearrangedinto the forma(z-p - qi)(z- p + gi)

How do we find a quadratic equation when given a complex root?

= |fwe are givena complexroot in the formz=p + giwe can find the quadratic equation in the form az?2 +
bz+c=0,wherea, b,andcer,a#0
= \Weknow thatthe secondrootmustbez*=p-qi
= Thismeansthatz-(p +gi)and z - (p - gi) must both be factors of the quadratic equation
= Thereforewe canwrite az?+bz+c=(z-(p +qi))(z-(p - qi))
= Rewriting this as ((z- p) - gi))((z - p) + gi)) makes expanding easier
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» Expanding this gives the quadratic equation z2 - 2pz + (o2 + g2)
m g=1
= b= —2p
x c=pZ+q?
= This demonstrates the important property (x - 2)(x - z*) = x2 - 2Re(z)x + |z|2
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@ Worked example

a) Solve the quadratic equation z% - 2z+ 5 = 0 and hence, factorise 72 - 2z + 5.

Use the quo.&rabc focrmulan or ComPie_ﬁV\a the
S%U\owe 1o find the solutions.

|
i 4
L

bt b - dac ;

Solutions of a quadratic N LN a0

equation 2a

no o

2oL L] -ul)s) - 211
e

2(1)
7

- 2%k
=

2l = ‘ "l'Zl 22 I-‘Z.i

I‘ the solutions are Z2,2142 and 2. = |-

thea the foctors mustk be Z-(1+2i) ond z2-(1-2)

2t -2z +5 = (2-(Q+2)(=-(1-23))

(-1-2)(2-1+2i)

b) Given that one root of a quadratic equationis z= 2 - 3i, find the quadratic equationin the form
azZ+bz+c=0,wherea,b,andcer,az0.
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=
F

XAM PAPERS PRACTICE

£ 2-20 is one ook Bren 2431 must be the other
ot and the tue fockors must be 2-(2-31) and
z2-(2+31).

(2 -(2-20))z -(2+3)) =0

(¢ -@3;) =0

(z-2)" - @) =0

7.- — iy I =
2t 42 + 4 - Qi o .| . -4 -9

For more help, please visit www.exampaperspractice.co.uk
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Complex Roots of Polynomials
How many roots should a polynomial have?

= We know that every quadratic equation has two roots (not necessarily distinct or real)
= Thisisaparticular case of amore generalrule:
= Every polynomial equation of degree nhasnroots
= Thenroots are not necessarily all distinct and therefore we need to count any repeated roots that
may occur individually
= |f apolynomial has real coefficients, then any non-real roots will occur as complex conjugate pairs
= Soif the polynomial has a non-real complexroot, thenit will always have the complex conjugate of
thatrootas anotherroot
= Fromthe above rules we can state the following:

= Acubic equation of the form ax3 + bx? + cx + d =0 canhave either:
= 3realroots
= Orlrealroot and a complex conjugate pair

= Aquartic equation of the form ax# + bx3 + ¢cx2? + dx + e = 0 will have one of the following cases
forroots:
= 4realroots
= 2real and 2 nonreal (a complex conjugate pair)
= 4 nonreal (two complex conjugate pairs)

How do we solve a cubic equation with complex roots?

= Stepsto solve a cubic equation with complexroots
= [fwearetoldthatp+qgiisaroot, thenweknowp - giis also aroot
= Thismeansthatz-(p+qi)andz- (p - gi) must both be factors of the cubic equation
» Multiplying the above factors together gives us a quadratic factor of the form (Az? + Bz + C)
= \We needto find the third factor(z- a)
= Multiply the factors and equate to our original equation to get
« (A2+Bz+O(z—a)=ax3+bx2+cx+d
= Fromthere either
= Expand and compare coefficients to find
= Oruse polynomial division to find the factor (z- a)
= Finally, write your three roots clearly

How do we solve a polynomial of any degree with complexroots?

= When asked to find the roots of any polynomial when we are given one, we use almost the same
method as fora cubic equation

= State theinitialroot and its conjugate and write their factors as a quadratic factor (as above) we will
have two unknown roots to find, write these as factors (z- a) and (z - B)

= The unknown factors also form a quadratic factor (z- a)(z- )

= Then continue with the steps from above, either comparing coefficients or using polynomial
division

= |fusing polynomial division, then solve the quadratic factor you get to find the roots aand 3
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How do we solve polynomial equations with unknown coefficients?

= Stepsto find unknown variablesin a given equation when givenaroot:

= Substitute the givenroot p + giinto the equationf(z) =0

= Expand and group together the real and imaginary parts (these expressions will contain our
unknown values)

= Solve as simultaneous equations to find the unknowns

= Substitute the valuesinto the original equation

= Fromhere continue using the previously described methods for finding otherroots for the
polynomial

How do we factorise a polynomial when given a complex root?

= |f we are given aroot of a polynomial of any degreeinthe formz =p +qi

= We know that the complex conjugate, z*=p - giis anotherroot

= \We canwrite (z- (p+qi))and(z - (p - gi)) as two linear factors

= Orrearrange into one quadratic factor

= This can be multiplied out with another factor to find further factors of the polynomial
= Forhigherorder polynomials more than one root may be given

= |fthe further givenrootis complex then its complex conjugate will also be aroot

= Thiswill allow you to find furtherfactors
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=

@ Worked example

Giventhat oneroot of apolynomialp(x)=z +z -7z+65is2 - 3i,find the otherroots.

I 2-2; is one rook then 2431 must be the other
ot ond two of the fackors must be z-(2-30)

and. Z2-(2+31)
Thecefore. o quadcakic fockoc is 2T-4= +13
There must exist o lnear focker (02 +\)

Sz vw) (2T -4m +12) = 22 4+ 2 -F2 4 45
Compqre. coefeicients: oz3 = 13 Coefficient of 23
a= |
12 = bS constent coefficient

b=5
Therefore. the foctors ore 2-(2-21) , 2-(2+3)
and (2 +95)

(z-(2-3))@E@+3)(=+5)=0

z=(2%3) and 2=-5

For more help, please visit www.exampaperspractice.co.uk
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1.9.4 De Moivre's Theorem

De Moivre's Theorem

Whatis De Moivre’s Theorem?

De Moivre’s theorem can be used to find powers of complex numbers

ltstatesthatfor z = rcis 6, z? = [r(cos@+isind)]? = r"(cosnf + isinnb)
= Where
= z£0
= risthemodulus, |z|,re r*
= @§istheargument,argz,6eRr
" NeRr
In Euler'sform thisis simply:
. (reiH)n = heind
In words de Moivre’s theorem tells us to raise the modulus by the power of nand multiply the argument
byn
Inthe formula booklet de Moivre’s theoremis given in both polar and Euler’s form:
. [1(cost9 + isin@)]“ = r"(cosn@ + isinnd) = rieind = r1 cis nd

How do luse de Moivre’s Theorem to raise a complex number to a power?

If acomplex numberisin Cartesian form you will need to convert it to either modulus-argument (polar)
form or exponential (Euler’s) form first

= This allows de Moivre’s theorem to be used on the complex number
Youmay need to convertit back to Cartesian form afterwards

If acomplexnumberisinthe form Z= I(COS(H) - iSin(Q)) then you willneed torewrite it as
zZ= I(COS(— (9) + isin(— 9)) before applying de Moivre’s theorem
Auseful case of de Moivre’s theorem allows us to easily find the reciprocal of acomplex number:

1 1 1 .
. —=—(cos(-0)+isin(- ) = —e"i?
z r r

= Using the trigidentities cos(-6) = cos(B6) and sin(-8) = - sin(B) gives

. é=z“=r‘1[cos(0)—isin(9)]= %[005(9)_“1“(9)]

Ingeneral
« z 1= r"1[cos(—nb) + isin(—nh)] = r~"[cos(nh) — isin(n6)]
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@ Worked example

-3
V3 1,
Find the value of (T + gl) , giving your answer in the form a + bi.

Write in Polor form: o LEY.P (I_)l

6 5
_ g e, m#
O =tan (.{"—:’:) ‘t&n(ﬁ) 6 I I o

-3
(F 5] - s(®)
ey DeMome's T+ (1 cis(B)) = (3 cis (92
Convect back to Coctesian form :
2% s (B) = 27 (cos(-F) +isin(-2))

= 2%(0-i)

=271

For more help, please visit www.exampaperspractice.co.uk
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Proof of De Moivre's Theorem
How is de Moivre’s Theorem proved?

= Whenwrittenin Euler's form the proof of de Moivre’s theorem is easy to see:

= Usingthe indexlaw of brackets: (I‘eig)n = rheind
= However Euler’s form cannot be used to prove de Moivre’s Theorem whenitis in modulus-argument
(polar)form
= Proof by induction can be used to prove de Moivre’s Theorem for positive integers:
= To prove de Moivre’s Theorem for all positive integers, n
« [r(cos@+isind)]" = r"(cosn + isinné)
= STEPT:Proveitistrueforn=1
« [r(cos@+isind)]! = r'(cos1 0+ isin1 @) = r(cosd + isiné)
= SodeMoivre’s Theoremistrueforn=1
= STEP 2: Assumeitistrue forn=k
« [r(cos@+isind) ]k = rk(coskd + isink®)
= STEP 3:Showitistrueforn=k +1
« [r(cos@+isind) ]k * 1 =([r(cos+ isind)]¥)([r (cos@ + isinh)]!)
= According to the assumption thisis equal to
« (r*(coskd+ isink®)) (r(cosO + isind))
= Usinglaws of indices and multiplying out the brackets:

« = rk*1[coskfOcosO +icos kO sinf + isinkOcosO +i%sinkOsin 0]
= Lettingi=-1and collecting the real and imaginary parts gives:

- = rk*1[coskfOcosO — sinkOsin +i(cos k6O sinf + sinkfcosh)]

= Recognising that the real part is equivalent to cos(k@ +8) and the imaginary partis equivalent to
sin(kf +6) gives
« (rcis0)k*+1=rk+1[cos(k+1)0+isin(k+ 1)6]

= SodeMoivre’s Theoremistrueforn=k+1
= STEP 4: Write a conclusion to complete the proof

= Thestatementistrueforn=1,andifitistrueforn=kitisalsotrueforn=k+1

= Therefore, by the principle of mathematical induction, the resultis true for all positive integers, n
= De Moivre’s Theoremworks for allreal values of n

= Howeveryou could only be asked to proveitis true for positive integers
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@ Worked example

Show, using proof by mathematical induction, that fora complex numberz =rcisf and for all positive
integers, n,

7z = [r(cos@+isind)]" = r*(cosnf + isinné)

Step |+ Prove & is true for n=i

7! [r(cose + isin 19):|I = ¢'(cos 18 + isinlB) = r(cosO + isinB)
Step 2 Assume & is true for na=k

z* = [f(cos.e + 1Sin 9)]K= (cosk @ +isinkB)

Step 3: Show & is true for n=k+l

K+l

z4' - [f(CDSQ +isin 9)] Addition low of indices: ool = o&*'

= ([((cose + isin 6)] 'D([f(CDSQ +isin 9):D

rExr! = ¢kt
= [X(coske + isink0)] [r(cos® + isin 6)

= %' (cosk® +isink8)(cosO + isin B) 7
—_—

- g
= K [cosk_e cos +cosk B (isinB) +cosO (i sink B) + i’ sinkd 5""‘9]

- [cosk,e cosO+1(coskOsing +cosdsink6)- sinkQS\'ne] Collect
Re ond Im

r"“[Cosk.e cosO - sink@sing+i (cosk O sind +Sink9€059] ports
\-_-—-'—'—'_‘—"-\,_.___/
= cos(ko +6) =sin(k6+6)
= **'[cos(k6+6) +isin(ko+g)]
= ("""[Cos(kv])e-p iS;ﬂ(K+\)9] So true for n=k+|

Step 4: Write o conclusion:

De Mowre's theorem (s rue for n=), ond if & & beue
for n=% (& (s also true for n=k+l,
Thue.Fo«. & i trwe for ol nezZ’

For more help, please visit www.exampaperspractice.co.uk
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1.9.5 Roots of Complex Numbers

Roots of Complex Numbers
How do | find the square root of a complex number?

= The squareroots of acomplex number will themselves be complex:
= ieifZ2Z=a+ bithenz=c+ di
= Wecanthensquare(C+ di) and equate it to the original complex number (4 + bi), as they both
describe Z2:
« a+bi=(c+di)>?
= Thenexpand and simplify:
« a+bi=c?+2cdi+ d?i?
« a+bi=c2+2cdi— d?
= Asbothsides are equal we are able to equate real and imaginary parts:
= Equating therealcomponents: 4 = C2 - d2 )
= Equating the imaginary components: b=2cd (2
= These equations can then be solved simultaneously to find the real and imaginary components of the
square root

b

= |ngeneral, we canrearrange (2) to make = = C and then substitute into (1)

2d
= Thiswilllead to a quartic equation in terms of d; which can be solved by making a substitution to
turnitinto a quadratic

= Thevalues of d canthen be used to find the corresponding values of C, so we now have both

components of both square roots (C + di)
= Note that one root will be the negative of the otherroot

= g.ctdiand —c—di
How do luse de Moivre’s Theorem to find roots of a complex number?

= De Moivre’s Theorem states that a complex numberin modulus-argument form can be raised to the
power of n by
= Raising the modulus to the power of nand multiplying the argument by n
= Wheninmodulus-argument (polar) form de Moivre’s Theorem can then be used to find the roots of a
complexnumber by
= Taking the nthroot of the modulus and dividing the argument by n
1

« itz = r{cosf+isin) then ¥/ z = [{cos(@+ 2 mk) + isin(6 + 2 7k))] »
» k=0,1,2,..,n-1
= Recallthat adding 2mto the argument of a complex number does not change the complex
number
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= Therefore we must consider how different arguments will give the same result

1
— 0+ 2k 0+ 2k
= Thiscanberewritten as H«/ zZ = rn (COS(T) + iSin(—H ))

= This canbe writtenin exponential (Euler’s) form as
0+2mk

. 1
» For Z0=rell z= {/re n
= The nthroot of complex number will have nroots with the properties:

= The modulusis %forall roots
= There willbe n differentarguments spaced at equal intervals on the unit circle
= This creates some geometrically beautiful results:
= The five roots of acomplex numberraised to the power 5 will create aregular pentagononan
Argand diagram
= The eightroots of acomplexnumberraised to the power 8 will create aregular octagonon an
Argand diagram
= Thenroots of acomplexnumberraised to the power n will create aregular n-sided polygon on
an Argand diagram
= Sometimesyoumay need to use your GDC to find the roots of a complex number
= Using your GDC'’s store function will help when entering complicated modulus and arguments
= Make sure you choose the correct form to enter your complex numberin
= Your GDC should be able to give you the answer in your preferred form
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@ Worked example

a) Find the square roots of 5 + 12i, giving your answers in the form a + bi.
lek 2% = 54121 , then 2 = a +bi
2 = a + 2abi + b"il‘\

=o' +2abi - b*

*3
L ==

Therefore S +121 = (o'-b*) + 2ab.
Ea‘,uahe the real components: o' -p* =85 0]

Equate the i«wcdiaoxb components : 20b = |2 @

Solve the simultoneous &qy\gﬁ{m : o = —i— = (%)‘ -b* =5
b*+ 5b*-3b6=0
(b* +a) (L2 -4)=0
1:)1 i c‘ or b" = !-I-
no real 7
solutions b=1t1
a =1%*3

2= 3421 , 2, =-3-24

b) Solve the equation =—4+ 4./31 giving your answers in the formrcis 6.
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Convert -4 +4131 to folac  form:
r=J-6) 4 (o2 = {6 =%

6 =1-( -‘(q’TﬁJ =2._;r. Wz

&
“4 44T - sais(2R)

2% =-4 + &3} ‘
2 Terent - (sadg)
-(3%) s (B2

Ocder 3 so there are 3 voots, use k=01,2:

z= 2cs (B , Zcis(-i%t') , Las (-‘%E

For more help, please visit www.exampaperspractice.co.uk
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