
1.9 Further Complex Numbers

AA HL



1.9.1 Geometry of Complex Numbers

Geometry of Complex Addition & Subtraction

What  does addit ion look like on an Arg and diag ram ?

In Cartesian fo rm two  co mplex numbers are added by adding the real and imaginary parts

When plo tted o n an Argand diagram the co mplex number z + z  is the lo nger diago nal o f the

parallelo gram with vertices at the o rigin, z , z and z + z

What  does subt ract ion look like on an Arg and diag ram ?

In Cartesian fo rm the difference o f two  co mplex numbers is fo und by subtracting the real and

imaginary parts

When plo tted o n an Argand diagram the co mplex number z - z  is the sho rter diago nal o f the

parallelo gram with vertices at the o rigin, z , - z and z - z

1  2

1 2 1  2

1  2

1 2 1  2
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What  are t he g eom et rical represent at ions of  com plex addit ion and subt ract ion?

Let w be a given co mplex number with real part a and imaginary part b

w=a+bi
Let z be any co mplex number represented o n an Argand diagram

Adding w to  z results in z being:

Translated  by vecto r 

⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠

a
b

Subtracting w f ro m z results in z being:

Translated  by vecto r  ⎛⎜
⎜

⎝

⎞
⎟
⎟

⎠

−a
−b
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Exam T ip

Take extra care when representing a subtractio n o f a co mplex number geo metrically

Remember that yo ur answer will be a translatio n o f the sho rter diago nal o f the

parallelo gram made up by the two  co mplex numbers

Worked example

Co nsider the co mplex numbers z = 2 + 3i and z = 3 - 2i.  

On an Argand diagram represent the co mplex numbers z , z , z + z and z - z .

1 2

1 2 1  2 1  2 
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Geometry of Complex Multiplication & Division

What  do m ult iplicat ion and division look like on an Arg and diag ram ?

The geo metrical effect o f multiplying a co mplex number by a real number, a, will be an enlargement

o f the vecto r by scale facto r a

Fo r po sitive values o f a the directio n o f the vecto r will no t change but the distance o f the

po int fro m the o rigin will increase by scale facto r a

Fo r negative values o f a the directio n o f the vecto r will change and the distance o f the po int

fro m the o rigin will increase by scale facto r a

The geo metrical effect o f dividing a co mplex number by a real number, a, will be an enlargement o f

the vecto r by scale facto r 1/a

Fo r po sitive values o f a the directio n o f the vecto r will no t change but the distance o f the

po int fro m the o rigin will increase by scale facto r 1/a

Fo r negative values o f a the directio n o f the vecto r will change and the distance o f the po int

fro m the o rigin will increase by scale facto r 1/a

The geo metrical effect o f multiplying a co mplex number by i will be a ro tatio n o f the vecto r 90°

co unter-clo ckwise

i(x + yi) = -y + xi

The geo metrical effect o f multiplying a co mplex number by an imaginary number, ai, will be a

ro tatio n 90° co unter-clo ckwise and an enlargement by scale facto r a

ai(x + yi) = -ay + axi

The geo metrical effect o f multiplying o r dividing a co mplex number by a co mplex number will be

an enlargement and a ro tatio n

The directio n o f the vecto r will change

The angle o f ro tatio n is the argument

 The distance o f the po int fro m the o rigin will change

The scale facto r is the mo dulus

What  does com plex conjug at ion look like on an Arg and diag ram ?

The geo metrical effect o f plo tting a co mplex co njugate o n an Argand diagram is a reflectio n in

the real axis

The real part o f the co mplex number will stay the same and the imaginary  part will change sign

Exam T ip

Make sure yo u remember the transfo rmatio ns that different o peratio ns have o n co mplex

numbers, this co uld help yo u check yo ur calculatio ns in an exam
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Worked example

Co nsider the co mplex number z = 2 - i.

On an Argand diagram represent the co mplex numbers z , 3z , iz, z* and zz*.
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1.9.2 Forms of Complex Numbers

Modulus-Argument (Polar) Form

How do I writ e a com plex num ber in m odulus-arg um ent  (polar) f orm ?

The Cartesian f o rm o f a co mplex number, z=x+ iy , is written in terms o f its real part, x , and its

imaginary part, y
If we let r=|z|  and θ=arg z , then it is po ssible to  write a co mplex number in terms o f its

mo dulus, r , and its argument, θ , called the mo dulus-argument (po lar) f o rm, given by...

z= r ( )cos θ+ isin θ
This is o ften written as z = r cis θ
This is given in the fo rmula bo o k under Mo dulus-argument (po lar) fo rm and expo nential (Euler)

fo rm

It is usual to  give arguments in the range −π < θ ≤ π   o r  0 ≤ θ < 2π
Negative arguments sho uld be sho wn clearly

e.g. z=2⎛
⎜

⎝

⎞
⎟

⎠
cos ⎛

⎜

⎝

⎞
⎟

⎠
−
π
3 + isin ⎛

⎜

⎝

⎞
⎟

⎠
−
π
3 = 2 cis ⎛

⎜

⎝

⎞
⎟

⎠
−
π
3

witho ut simplifying cos(−
π
3 )   to  either cos⎛

⎜

⎝

⎞
⎟

⎠

π
3  o r 

1
2

The co mplex co njugate o f r cis θ is r cis (-θ )

If a co mplex number is given in the fo rm z= r ( )cos θ− isin θ , then it is no t in mo dulus-

argument (po lar) fo rm due to  the minus sign

It can be co nverted by co nsidering transfo rmatio ns o f trigo no metric functio ns

−sinθ = sin(−θ)  and cosθ = cos(−θ)

So   z= r ( )cosθ− isinθ = z= r ( )cos( )−θ + isin( )−θ = r cis ( )−θ
To  co nvert fro m mo dulus-argument (po lar) fo rm back to  Cartesian fo rm, evaluate the real and

imaginary parts

E.g. z=2⎛
⎜

⎝

⎞
⎟

⎠
cos⎛

⎜

⎝

⎞
⎟

⎠
−
π
3 + isin⎛

⎜

⎝

⎞
⎟

⎠
−
π
3  beco mes z=2

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

1
2 + i

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠
−

3
2 =1− 3 i

How do I m ult iply com plex num bers in m odulus-arg um ent  (polar) f orm ?

The main bene�t o f writing co mplex numbers in mo dulus-argument (po lar) fo rm is that they

multiply and divide very easily 

To  multiply  two  co mplex numbers in mo dulus-argument (po lar) fo rm we multiply their mo duli

and add their arguments
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









z1z2 =










z1










z2
arg (z1z2)=arg z1+arg z2

So  if z  = r cis (θ ) and z  = r cis (θ )

z z = r r cis (θ  + θ )

So metimes the new argument, θ1+θ2 , do es no t lie in the range −π < θ ≤ π  (o r  

0 ≤ θ < 2π   if this is being used)

An o ut-o f-range argument can be adjusted by either adding o r subtracting 2π

E.g. If θ1=
2π
3  and θ2=

π
2   then  θ1+θ2 =

7π
6

This is currently no t in the range −π < θ ≤ π

Subtracting 2π fro m 
7π
6  to  give −

5π
6 , a new argument is fo rmed

 This lies in the co rrect range and represents the same angle o n an Argand diagram

The rules o f multiplying the mo duli and adding the arguments can also  be applied when…

…multiplying three co mplex numbers to gether, z1z2z3 , o r mo re

…�nding po wers o f a co mplex number (e.g. z2  can be written as zz )

The rules fo r multiplicatio n can be pro ved algebraically by multiplying z  = r cis (θ ) by z  = r cis (θ ),

expanding the brackets and using co mpo und angle fo rmulae

How do I divide com plex num bers in m odulus-arg um ent  (polar) f orm ?

To  divide  two  co mplex numbers in mo dulus-argument (po lar) fo rm, we divide their mo duli and

subtract their arguments









z1
z2

=











z1
|z2|

arg
⎛
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟

⎠

z1
z2

=arg z1−arg z2
So  if z  = r cis (θ ) and z  = r cis (θ ) then 

z1
z2
=

r1
r2
cis

( )
θ1−θ2

So metimes the new argument, θ1−θ2 , can lie o ut o f the range −π < θ ≤ π  (o r the range 

0 < θ ≤ 2π  if this is being used)

Yo u can add o r subtract 2π to  bring o ut-o f-range arguments back in range

1 1 1 2 2 2

1 2 1 2 1 2

1 1 1 2 2 2

1 1 1 2 2 2

The rules fo r divisio n can be pro ved algebraically by dividing z  = r cis (θ ) by z  = r cis (θ ) using

co mplex divisio n and the co mpo und angle fo rmulae

Exam T ip

Remember that r cis θ o nly refers to   

If yo u see a co mplex number written in the fo rm   then yo u will need

to  co nvert it to  the co rrect fo rm �rst

Make sure yo u are co n�dent with basic trig identities to  help yo u do  this

1 1 1 2 2 2
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a)

b)

Find 

z1
z2

, giving yo ur answer in the fo rm r ( )cosθ+ isinθ where −π≤θ <π

Worked example

Let z1=4 2 cis
3π
4  and z2= 8 ⎛

⎜

⎝

⎞
⎟

⎠
cos⎛

⎜

⎝

⎞
⎟

⎠

π
2 − isin⎛

⎜

⎝

⎞
⎟

⎠

π
2

Find z1z2 , giving yo ur answer in the fo rm r ( )cosθ+ isinθ where 0≤θ <2π
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Exponential (Euler's) Form

How do we writ e a com plex num ber in Euler's (exponent ial) f orm ?

A co mplex number can be written in Euler's fo rm as z= reiθ
This relates to  the mo dulus-argument (po lar) fo rm as z= reiθ= r cis θ
This sho ws a clear link between expo nential functio ns and trigo no metric functio ns

This is given in the fo rmula bo o klet under 'Mo dulus-argument (po lar) fo rm and expo nential

(Euler) fo rm'

The argument is no rmally given in the range 0 ≤ θ < 2π
Ho wever in expo nential fo rm o ther arguments can be used and the same co nventio n o f

adding o r subtracting 2π can be applied

How do we m ult iply and divide com plex num bers in Euler's f orm ?

Euler's fo rm allo ws fo r quick and easy multiplicatio n and divisio n o f co mplex numbers

If z1= r1e
iθ1 and z2= r2e

iθ2  then 

z1×z2= r1r2e
i

( )
θ1+θ2

Multiply the mo duli and add the arguments

z1
z2
=

r1
r2
ei ( )

θ1−θ2

Divide the mo duli and subtract the arguments

Using these rules makes multiplying and dividing mo re than two  co mplex numbers much easier

than in Cartesian fo rm

When a co mplex number is written in Euler's fo rm it is easy to  raise that co mplex number to  a

po wer

If z= reiθ ,  z2= r2e2iθ   and  zn= rneniθ

What  are som e com m on num bers in exponent ial f orm ?

As cos (2π)=1  and sin (2π)=0  yo u can write:

1=e2π i
Using the same idea yo u can write:

1=e0=e2π i=e4π i=e6π i=e2kπ i
where k is any integer

As cos( )π =−1 and sin(π)=0  yo u can write:

eπ i=−1
Or mo re co mmo nly written as eiπ+1=0
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This is kno wn as Euler's identity and is co nsidered by so me mathematicians as the mo st

beautiful equatio n

As cos⎛
⎜

⎝

⎞
⎟

⎠

π
2 =0  and sin⎛

⎜

⎝

⎞
⎟

⎠

π
2 =1  yo u can write:

i=e
π
2
i

Exam T ip

Euler's fo rm allo ws fo r easy manipulatio n o f co mplex numbers, in an exam it is o ften wo rth the

time co nverting a co mplex number into  Euler's fo rm if further calculatio ns need to  be carried

o ut

Familiarise yo urself with which calculatio ns are easier in which fo rm, fo r example

multiplicatio n and divisio n are easiest in Euler's fo rm but adding and subtracting are

easiest in Cartesian fo rm

Worked example

Co nsider the co mplex number z=2e
π
3
i

. Calculate z2  giving yo ur answer in the fo rm reiθ .
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Conversion of Forms

Convert ing f rom Cart esian f orm t o modulus-argument  (polar) f orm or exponent ial
(Euler's) f orm.

To  co nvert fro m Cartesian fo rm to  mo dulus-argument (po lar) fo rm o r expo nential (Euler) fo rm use 

r= 







z = x2+y2
and  

θ=argz
Convert ing f rom modulus-argument  (polar) f orm or exponent ial (Euler's) f orm t o

Cart esian f orm.

To  co nvert fro m mo dulus-argument (po lar) fo rm to  Cartesian fo rm

Write z = r (co sθ + isinθ ) as z = r co sθ + (r sinθ )i

Find the values o f the trigo no metric ratio s r sinθ and r co sθ
Yo u may need to  use yo ur kno wledge o f trig exact values

Rewrite as z = a + bi where

a = r co sθ and b = r sinθ
To  co nvert fro m expo nential (Euler’s) fo rm to  Cartesian fo rm �rst rewrite z = r e in the fo rm z = r

co sθ + (r sinθ)i and then fo llo w the steps abo ve

Exam T ip

When co nverting fro m Cartesian fo rm into  Po lar o r Euler's fo rm, always leave yo ur mo dulus

and argument as an exact value

Ro unding values to o  early may result in inaccuracies later o n

iθ
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a)

b)

Worked example

Two  co mplex numbers are given by z1=2+2i  and z2=3e
2π
3

i
.

Write z1  in the fo rm reiθ .

Write z2  in the fo rm r ( )cosθ+ isinθ  and then co nvert it to  Cartesian fo rm.
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1.9.3 Complex Roots of Polynomials

Complex Roots of Quadratics

What  are com plex root s?

A quadratic equatio n can either have two  real ro o ts (z ero s), a repeated real ro o t o r no  real ro o ts

This depends o n the lo catio n o f the graph o f the quadratic with respect to  the x-axis

If a quadratic equatio n has no  real ro o ts we wo uld previo usly have stated that it has no  real

so lutio ns

The quadratic equatio n will have a negative discriminant

This means taking the square ro o t o f a negative number

Co mplex numbers pro vide so lutio ns fo r quadratic equatio ns that have no  real ro o ts

How do we solve a quadrat ic equat ion when it  has com plex root s?

If a quadratic equatio n takes the fo rm ax + bx + c = 0 it can be so lved by either using the quadratic

fo rmula o r co mpleting the square

If a quadratic equatio n takes the fo rm ax + b = 0 it can be so lved by rearranging

The pro perty i = √-1 is used

−a = a×−1= a × −1
If the co e�cients o f the quadratic are real then the co mplex ro o ts will o ccur in co mplex

co njugate pairs

If z = p + qi (q ≠ 0) is a ro o t o f a quadratic with real co e�cients then z* = p - qi is also  a ro o t

The real part  o f the so lutio ns will have the same value as the x co o rdinate o f the turning po int o n

the graph o f the quadratic

When the co e�cients o f the quadratic equatio n are no n-real, the so lutio ns will no t  be co mplex

co njugates

To  so lve these yo u can use the quadratic fo rmula

How do we f act orise a quadrat ic equat ion if  it  has com plex root s?

If we are given a quadratic equatio n in the fo rm az + bz + c = 0, where a, b, and c ∈ ℝ, a ≠ 0 we can

use its co mplex ro o ts to  write it in f acto rised f o rm

Use the quadratic fo rmula to  �nd the two  ro o ts, z = p + qi and z* = p - qi

This means that z – (p + qi) and z – (p – qi) must bo th be facto rs o f the quadratic equatio n

Therefo re we can write az + bz + c = a(z – (p + qi))( z – (p - qi))

This can be rearranged into  the fo rm a(z – p – qi)(z – p + qi)

How do we �nd a quadrat ic equat ion when g iven a com plex root ?

If we are given a co mplex ro o t in the fo rm z = p + qi we can �nd the quadratic equatio n in the fo rm

az + bz + c = 0, where a, b, and c ∈ ℝ, a ≠ 0

2

2

2

2

2
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We kno w that the seco nd ro o t must be z* = p - qi

This means that z – (p + qi) and z – (p – qi) must bo th be facto rs o f the quadratic equatio n

Therefo re we can write az + bz + c = (z – (p + qi))( z – (p - qi))

Rewriting this as ((z – p) – qi))((z – p) + qi)) makes expanding easier

Expanding this gives the quadratic equatio n z  – 2pz + (p + q )

a = 1

b = -2p

c = p + q

This demo nstrates the impo rtant pro perty (x – z)(x – z*) = x - 2Re(z)x + |z|

Exam T ip

Once yo u have yo ur �nal answers yo u can check yo ur ro o ts are co rrect by substituting yo ur

so lutio ns back into  the o riginal equatio n

Yo u sho uld get 0 if co rrect! [No te: 0 is equivalent to  ]

2

2 2 2

2 2

2 2
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a)

b)

Worked example

So lve the quadratic equatio n z  - 2z + 5 = 0 and hence, facto rise z  - 2z + 5.

Given that o ne ro o t o f a quadratic equatio n is z = 2 – 3i, �nd the quadratic equatio n in the

fo rm az + bz + c = 0, where a, b, and c ∈ ℝ, a ≠ 0.

2 2

2
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Complex Roots of Polynomials

How many root s should a polynomial have?

We kno w that every quadratic  equatio n has two  ro o ts (no t necessarily distinct o r real)

This is a particular case o f a mo re general rule:

Every po lyno mial equatio n o f degree n has n ro o ts

The n ro o ts are no t necessarily all distinct  and therefo re we need to  co unt any repeated

ro o ts that may o ccur individually

If a po lyno mial has real co e�cients, then any no n-real ro o ts  will o ccur as co mplex co njugate

pairs

So  if the po lyno mial has a no n-real co mplex ro o t, then it will always have the co mplex

co njugate o f that ro o t as ano ther ro o t

Fro m the abo ve rules we can state the fo llo wing:

A cubic equatio n o f the fo rm ax3+bx2+cx+d=0  can have either:

3 real ro o ts

Or 1 real ro o t and a co mplex co njugate  pair

A quartic equatio n o f the fo rm ax4+bx3+cx2+dx+e=0  will have o ne o f the fo llo wing

cases fo r ro o ts:

4 real ro o ts

2 real and 2 no nreal (a co mplex co njugate pair)

4 no nreal (two  co mplex co njugate pairs)

How do we solve a cubic equat ion wit h complex root s?

Steps to  so lve a cubic equatio n with co mplex ro o ts

If we are to ld that p + qi is a ro o t, then we kno w p - qi is also  a ro o t

This means that z – (p + qi) and z – (p – qi) must bo th be facto rs o f the cubic equatio n

Multiplying the abo ve facto rs to gether gives us a quadratic facto r o f the fo rm (Az + Bz + C)

We need to  �nd the third facto r (z - α)

Multiply  the facto rs and equate  to  o ur o riginal equatio n to  get

( )Az2+Bz+C ( )z−α =ax3+bx2+cx+d
Fro m there either

Expand  and co mpare co e�cients  to  �nd

Or use po lyno mial divisio n to  �nd the facto r (z - α)

Finally, write yo ur three ro o ts  clearly

How do we solve a polynomial of  any degree wit h complex root s?

When asked to  �nd the ro o ts o f any po lyno mial when we are given o ne, we use almo st the same

metho d as fo r a cubic equatio n

State the initial ro o t and its co njugate and write their facto rs as a quadratic facto r (as abo ve)

we will have two  unkno wn ro o ts to  �nd, write these as facto rs (z - α) and (z - β)

2 
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The unkno wn facto rs also  fo rm a quadratic facto r (z - α)(z - β)

Then co ntinue with the steps fro m abo ve, either co mparing co e�cients  o r using po lyno mial

divisio n

If using po lyno mial divisio n, then so lve the quadratic facto r yo u get to  �nd the ro o ts α
and β

How do we solve polynom ial equat ions wit h unknown coe�cient s?

Steps to  �nd unkno wn variables in a given equatio n when given a ro o t:

Substitute  the given ro o t p + qi into  the equatio n f(z ) = 0

Expand  and gro up  to gether the real and imaginary  parts (these expressio ns will co ntain o ur

unkno wn values)

So lve  as simultaneo us equatio ns to  �nd the unkno wns

Substitute  the values into  the o riginal equatio n

Fro m here co ntinue using the previo usly described metho ds fo r �nding o ther ro o ts fo r the

po lyno mial

How do we f act orise a polynom ial when g iven a com plex root ?

If we are given a ro o t o f a po lyno mial o f any degree in the fo rm z = p + qi

We kno w that the co mplex co njugate, z* = p – qi is ano ther ro o t

We can write (z – (p + qi)) and ( z – (p - qi)) as two  linear facto rs

Or rearrange into  o ne quadratic facto r

This can be multiplied o ut with ano ther facto r to  �nd further facto rs o f the po lyno mial

Fo r higher o rder po lyno mials mo re than o ne ro o t may be given

If the further given ro o t is co mplex then its co mplex co njugate will also  be a ro o t

This will allo w yo u to  �nd further facto rs  

Exam T ip

Yo u can speed up multiplying two  co mplex co njugate facto rs to gether by

rewrite (z – (p + qi))(z – (p - qi)) as ((z – p) - qi))( (z – p) + qi))

Then ((z – p) - qi))( (z – p) + qi)) = (z  - p) - (qi)  = (z  - p) + q

If yo u are wo rking o n a calculato r paper read the questio n carefully to  see ho w much o f the

wo rking needs to  be sho wn but always remember to  use yo ur GDC to  check yo ur wo rking

where yo u can

2  2 2  2
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Worked example

Given that o ne ro o t o f a po lyno mial p(x) = z + z – 7z + 65 is 2 – 3i, �nd the o ther ro o ts.3 2 
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1.9.4 De Moivre's Theorem

De Moivre's Theorem

What  is De Moivre’s T heorem ?

De Mo ivre’s theo rem can be used to  �nd po wers o f co mplex numbers

It states that fo r z = r cis θ , zn = [r (cosθ+ isinθ)]n = rn (cosnθ+ isinnθ)

Where

z ≠ 0

r is the mo dulus, |z|, r ∈ ℝ

θ  is the argument, arg z, θ ∈ ℝ

n ∈ ℝ

In Euler’s fo rm this is simply:

( )reiθ n= rneinθ
In wo rds de Mo ivre’s theo rem tells us to  raise the mo dulus by the po wer o f n and multiply the

argument by n

In the fo rmula bo o klet de Mo ivre’s theo rem is given in bo th po lar and Euler’s fo rm:

[r (cosθ+ isinθ)]n= rn (cosnθ+ isinnθ)= rneinθ= rn cis nθ

How do I use de Moivre’s T heorem  t o raise a com plex num ber t o a power?

If a co mplex number is in Cartesian fo rm yo u will need to  co nvert it to  either mo dulus-argument

(po lar) fo rm o r expo nential (Euler’s) fo rm �rst

This allo ws de Mo ivre’s theo rem to  be used o n the co mplex number

Yo u may need to  co nvert it back to  Cartesian fo rm afterwards

If a co mplex number is in the fo rm z= r ( )cos( )θ − isin( )θ  then yo u will need to  rewrite it as 

z= r ( )cos( )−θ + isin( )−θ befo re applying de Mo ivre’s theo rem

A useful case o f de Mo ivre’s theo rem allo ws us to  easily �nd the recipro cal o f a co mplex number:

Using the trig identities co s(-θ) = co s(θ) and sin(-θ) = - sin(θ) gives

1
z
=z−1= r−1[cos( )θ −isin ( )θ ]=

1
r
[cos( )θ −isin (θ )]

In general

z−n= r−n [cos( )−nθ + isin( )−nθ ]= r−n [cos( )nθ − isin( )nθ ]

+

1
z
=

1
r

(cos(−θ )+isin (−θ )=
1
r
e−iθ

Page 19 of 25
For more help visit our website www.exampaperspractice.co.uk



Exam T ip

Yo u may be asked to  �nd all the po wers o f a co mplex number, this means there will be a

repeating pattern

This can happen if the mo dulus o f the co mplex number is 1

Keep an eye o n yo ur answers and lo o k fo r the po int at which they begin to  repeat

themselves 

Worked example

Find the value o f 
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

3
6
+

1
6
i
−3

,  giving yo ur answer in the fo rm a + bi.
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Proof of De Moivre's Theorem

How is de Moivre’s T heorem  proved?

When written in Euler’s fo rm the pro o f o f de Mo ivre’s theo rem is easy to  see:

Using the index law o f brackets: ( )reiθ n= rneinθ
Ho wever Euler’s fo rm canno t be used to  pro ve de Mo ivre’s Theo rem when it is in mo dulus-

argument (po lar) fo rm

Pro o f  by inductio n can be used to  pro ve de Mo ivre’s Theo rem fo r po sitive integers:

To  pro ve de Mo ivre’s Theo rem fo r all po sitive integers, n

[r (cosθ+ isinθ)]n= rn (cosnθ+ isinnθ)

STEP 1: Pro ve it is true fo r n = 1

[r (cosθ+ isinθ)]1= r1 (cos1θ+ isin1θ)= r (cosθ+ isinθ)

So  de Mo ivre’s Theo rem is true fo r n = 1

STEP 2: Assume it is true fo r n = k

[r (cosθ+ isinθ)]k= rk (coskθ+ isinkθ)

STEP 3: Sho w it is true fo r n = k + 1

[r (cosθ+ isinθ)]k+ 1= ([r (cosθ+ isinθ)]k ) ([r (cosθ+ isinθ)]1)

Acco rding to  the assumptio n this is equal to

(rk (coskθ+ isinkθ) ) (r (cosθ+ isinθ) )

Using laws o f indices and multiplying o ut the brackets:

= rk+1[coskθcosθ+ icos kθ sinθ+ isinkθcosθ+ i2sinkθsinθ]
Letting i  = -1 and co llecting the real and imaginary parts gives:

= rk+1[coskθcosθ−sinkθsinθ+ i(cos kθ sinθ+sinkθcosθ)]
Reco gnising that the real part is equivalent to  co s(kθ  + θ ) and the imaginary part is equivalent

to  sin(kθ  + θ ) gives

( )r cis θ k+1= rk+1[cos( )k+1 θ+ isin( )k+1 θ]
So  de Mo ivre’s Theo rem is true fo r n = k + 1

STEP 4: Write a co nclusio n to  co mplete the pro o f

The statement is true fo r n = 1, and if it is true fo r n = k it is also  true fo r n = k + 1

Therefo re, by the principle o f mathematical inductio n, the result is true fo r all po sitive

integers, n

De Mo ivre’s Theo rem wo rks fo r all real values o f n

Ho wever yo u co uld o nly be asked to  pro ve it is true fo r po sitive integers

Exam T ip

Learning the standard pro o f fo r de Mo ivre's theo rem will also  help yo u to  memo rise the steps

fo r pro o f by inductio n, ano ther impo rtant to pic fo r yo ur AA HL exam 

2
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Worked example

Sho w, using pro o f by mathematical inductio n, that fo r a co mplex number z = r cisθ  and fo r all

po sitive integers, n,

zn = [r (cosθ+ isinθ)]n = rn (cosnθ+ isinnθ)
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1.9.5 Roots of Complex Numbers

Roots of Complex Numbers

How do I �nd t he square root  of  a com plex num ber?

The square ro o ts o f a co mplex number will themselves be co mplex:

i.e. if z2=a+bi  then z=c+di
We can then square (c+di) and equate it to  the o riginal co mplex number (a+bi), as they bo th

describe z2 :

a+bi= ( )c+di 2

Then expand and simplify:

a+bi=c2+2cdi+d2i2
a+bi=c2+2cdi−d2

As bo th sides are equal we are able to  equate real and imaginary parts:

Equating the real co mpo nents: a=c2−d2   (1)

Equating the imaginary co mpo nents: b=2cd   (2)

These equatio ns can then be so lved simultaneo usly to  �nd the real and imaginary co mpo nents o f

the square ro o t

In general, we can rearrange (2) to  make 
b
2d =c  and then substitute into  (1)

This will lead to  a quartic equatio n in terms o f d; which can be so lved by making a substitutio n

to  turn it into  a quadratic

The values o f d  can then be used to  �nd the co rrespo nding values o f c , so  we no w have bo th

co mpo nents o f bo th square ro o ts (c+di)

No te that o ne ro o t will be the negative o f the o ther ro o t

g. c+di  and  −c−di

How do I use de Moivre’s T heorem  t o �nd root s of  a com plex num ber?

De Mo ivre’s Theo rem states that a co mplex number in mo dulus-argument fo rm can be raised to

the po wer o f n by

Raising the mo dulus to  the po wer o f n and multiplying the argument by n

When in mo dulus-argument (po lar) fo rm de Mo ivre’s Theo rem can then be used to  �nd the ro o ts

o f a co mplex number by

Taking the nth ro o t o f the mo dulus and dividing the argument by n

If z = r (cosθ+ isinθ) then 
n z = ⎡

⎢
⎣

⎤
⎥
⎦

r ( )cos(θ+2πk)+ isin(θ+2πk)

1
n
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k=0, 1, 2, … , n−1
Recall that adding 2π to  the argument o f a co mplex number do es no t change the

co mplex number

Therefo re we must co nsider ho w di�erent arguments will give the same result

This can be rewritten as 
n z = r

1
n ⎛

⎜
⎜

⎝

⎞
⎟
⎟

⎠
cos(

θ + 2πk
n )+ isin(

θ + 2πk
n )

This can be written in expo nential (Euler’s) fo rm as 

Fo r zn= reiθ ,  z= n r e
θ+2πk

n
i

The nth ro o t o f co mplex number will have n ro o ts with the pro perties:

The mo dulus is 
n r  fo r all ro o ts

There will be n di�erent arguments spaced at equal intervals o n the unit circle

This creates so me geo metrically beautiful results:

The �ve ro o ts o f a co mplex number raised to  the po wer 5 will create a regular pentago n

o n an Argand diagram

The eight ro o ts o f a co mplex number raised to  the po wer 8 will create a regular o ctago n

o n an Argand diagram

The n ro o ts o f a co mplex number raised to  the po wer n will create a regular n-sided

po lygo n o n an Argand diagram

So metimes yo u may need to  use yo ur GDC to  �nd the ro o ts o f a co mplex number

Using yo ur GDC’s sto re functio n will help when entering co mplicated mo dulus and arguments

Make sure yo u cho o se the co rrect fo rm to  enter yo ur co mplex number in

Yo ur GDC sho uld be able to  give yo u the answer in yo ur preferred fo rm

Exam T ip

De Mo ivre's theo rem makes �nding ro o ts o f co mplex numbers very easy, but yo u must be

co n�dent co nverting fro m Cartesian fo rm into  Po lar and Euler's fo rm �rst

If yo u are in a calculato r exam yo ur GDC will be able to  do  this fo r yo u but yo u must clearly

sho w ho w yo u go t to  yo ur answer

Yo u must also  be prepared to  do  this by hand in a no n-calculato r paper
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a)

b)

Worked example

Find the square ro o ts o f 5 + 12i, giving yo ur answers in the fo rm a + bi.

So lve the equatio n z3=−4+4 3i  giving yo ur answers in the fo rm r cis θ.
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