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1.8.1Eigenvalues & Eigenvectors

Characteristic Polynomials

Eigenvalues and eigenvectors are properties of square matrices and are usedin alot of real-life
applicationsincluding geometrical transformations and probability scenarios. In order to find these
eigenvalues and eigenvectors, the characteristic polynomial for a matrix must be found and solved.

What is a characteristic polynomial?

= Foramatrix A, if AX= AXwhen X is anon-zerovectorand A aconstant, then A is an eigenvalue of
the matrix A and Xisits corresponding eigenvector

: FAX=AXx> (/11— A)X= 0or (A - il)x= 0 and for X to be anon-zero vector,
det(AI- A)=0

= The characteristic polynomial of an 1 X 11 matrixis:

p(A) =det (AI- A)

= |nthis course you will only be expected to find the characteristic equation fora 2 X 2 matrix and this
will always be a quadratic
How do I find the characteristic polynomial?

= STEPI

Write AT — A, remembering that the identity matrix must be of the same order as A
= STEP2

Find the determinantof AT — A using the formula given to youin the formula booklet

det A=|A|=ad-bc

= STEP3
Re-write as a polynomial
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@ Worked example

Find the characteristic polynomial of the following matrix

a=[*%)

\31

det (AT -A)

SN R
A (2 4))
= det (‘\-35 ;Jrl)

Determinant of a2x2 M| 4 = detd=|A|=ad-bc
matrix c d

p(N)

1]

(x-5)(a-) - (-6)(3)

Ar=5A-A+5 - 12

p(h)= At =X =7
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Eigenvalues & Eigenvectors

How do you find the eigenvalues of a matrix?

= The eigenvalues of matrix A are found by solving the characteristic polynomial of the matrix
= Forthis course, as the characteristic polynomial will always be a quadratic, the polynomial will always
generate one of the following:
= tworeal and distinct eigenvalues,
= onerealrepeated eigenvalue or
= complexeigenvalues
How do you find the eigenvectors of a matrix?

= Avalue for X that satisfies the equationis an eigenvector of matrix A

= Anyscalarmultiple of X will also satisfy the equation and therefore there aninfinite number of
eigenvectors that correspond to a particular eigenvalue
= STEP1

X
Write X =
\Y)
= STEP2
Substitute the eigenvaluesinto the equation ()»I— A)X = (), and form two equationsinterms of X

andy
= STEP3
There will be an infinite number of solutions to the equations, so choose one by letting one of the

variables be equalto 1 and using that to find the other variable
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@ Worked example

Find the eigenvalues and associated eigenvectors for the following matrices.

()

Solve the charackeristic potlj(\a-\-\:n.i tv find bhe eienvalues

p(A) = AT=BA-T  *2_ From wer ped azample
above in Charackeristic
(- 1)(A+I) Polynomials
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Use the eigenvalves in the equation (A1-A) x=0 & fd
the eifnmm

et (1003 9)(G) ()
C9-C NG
EllEl=)

11'!‘&5:0 }

2u=x
-3x§63=o 3

The eignvector associated with A=T is any
mulbiple of (3:.)

it (0 B R DG
G LR C)
G396)-0)

“bx -4y=0 v 2.7 3%
=3¢ -25=0 } J

The tn’f-\vuhr associated wibh A=-1 is any

mulbiple of (-:i)
b) 1 =5
3{23)

For more help, please visit www.exampaperspractice.co.uk
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Firnd the characterisbic pol:smnh.l

p() = det (J\-I s )

-7 A-3

"

(A-1)(r-3) - (5)(-2)

A-3h-A+3+10

"

AP -6) +13

I p(N)

Solve the characterishic polynomial to find Bre ciggnualues
by hand or usng the CGDC
p(N) = A*-4A+13 =0
(A-2)'-4+13=0
(r-9=-1
A=229

For more help, please visit www.exampaperspractice.co.uk
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Use the eigeavalves in the equation (AI-A) x=0 & fid
the eign vectors

e B o (L R
= e
(.2(3)-0)

(l-r;i)x 1-53: [+)
“2x 4+ (r+¥)y =0

Both q«nﬁons con be

F2x= (re3i)y P O vty

The e-‘au.vutw associated with A=2 +3L is any
mulbipl -l+3
w4 (32

wrsaes o (@ o) () ()=o)
(506G

(2 2 GRE) |
/ Both equations can be

(1—3'.)3,4-55:0 h /" ¢ S‘w\fhf{gﬂ;bhmm
-2x + (1-¥)y=o bz QY3

The lifnvﬂ.bﬁl associated wibh A= 2-3¢ is any
multiple of (—I-Si.)
y 8

For more help, please visit www.exampaperspractice.co.uk
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1.8.2 Applications of Matrices

Diagonalisation
What is matrix diagonalisation?

= Anon-zero, square matrixis considered to be diagonal if all elements not alongits leading diagonal
are zero

= Amatrix P canbe said to diagonalise matrix M, if Disa diagonal matrix where D=P'MP

= Ifmatrix Mhas eigenvaluesﬂv1 , 2“2 and eigenvectors X, Xzand is diagonisable by P, then

1

« P= (X1 X2) , Where the first columnis the eigenvector X1 and the second columnis the

eigenvec:torX2
A0
_ 1
0 A
\2)
= Youwillonly needto be able to diagonalise2 X 2 matrices
You will only need to consider matrices with real, distinct eigenvalues
= [fthereis only one eigenvalue, the matrixis either already diagonalised or cannot be diagonalised

= Diagonalisation of matrices with complex orimaginary eigenvalues is outside the scope of the
course

D
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@ Worked example

54 2
The matrix M= 31 has the eigenvalues /11 =7 and 12 = — 1 with eigenvectors X = |

2
and X, = ( Wrespectively.
2 \73)

Show that P1 = (Xl Xz) and P2 = (X2X1) both diagonalise M.

Show thoat P7'mP produces a diagomal rmotnx

Inverse of a 2x2 matrix A:[“ b]:>A'= ! [d _b],ad:bc
; - a
P, = (z z) - f',"s-L(-s —2_) - L(s 2_)
i -3 g =1 X 8 | -2
e 22N
2N -2 31 I -3
= L(S J.)(m -1)
g I =2 TAH3
= L(se o
g8\o -8
D =:Dia39ml Mnth‘x.np

D= (? 0) ~ eigenvalws

0, (z z) - f'= L(l -2.)
=3 2\3 2

D= ]Maksumi o OF
ve (7 o) 0T
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Matrix Powers

One of the main applications of diagonalising a matrix is to make it easy to find powers of the matrix, which
is useful when modelling transient situations such as the movement of populations between two towns.

How can the diagonalised matrix be used to find higher powers of the original matrix?

] Theequationtoﬁndthediagonalisedmatrixcanbere—arrangedforM:
D=P 'MP= M= PDP"!
= Finding higher powers of a matrixwhenit is diagonalised is straight forward:
( a Y] ( a" 0 \
\0 b \ 0 b")

= Therefore, we can easily find higher powers of the matrix using the power formula for a matrix foundin
the formula booklet:

Mr=PD7 P!
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@ Worked example
3 =2
—4 1

X1 = (; )and X2 = ( _11 )respectively.

The matrix M= ( ) has the eigenvalues /11 = —1]and )“2 = 5 with eigenvectors

a) Show that M™ canbe expressed as
Wiz _1( (=(=Dr=205)") (=(=1)"+(5)") )
3 (=2(=1D)m+2(5)") (=2(=1)"=(5)")

Find D, Pand P*
D= (-t 0) P= (I 1) 5 p'= -_l_(—l -n)
0 S 2 - I

WUse the mabex power fvfu-uﬂﬁ Fi"cw— the ]Cr:rw—ukk booklek

Power formula for
a matrix

M" =PD"P"'

P is the matrix of eigenvectors and D
is the diagonal matrix of eigenvalues

S

55

M"=—L(
3

Hence find M5

(6

l )
; When mulbiplying these

dxorasti ol sl !
)4,,5— “2xs"==2(s) |

NeT = 10

2

()" -2(s)")
C2¢-0"+2(5))

-C0" + (s)) )
(-2¢-1) -(s)")
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Subsuhakt n= S

M- (e -2 ()) ( -(-l)‘+(s)’))
3\C2¢-n'+ 2(50°) (2= (5))

=0 (—suﬁ 3126
3 \c252 -3123

MS = ( 2083 -loqz)
-20%4 1041

For more help, please visit www.exampaperspractice.co.uk
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