
1.8 Eigenvalues & Eigenvectors

AI HL



1.8.1 Eigenvalues & Eigenvectors

Characteristic Polynomials

Eigenvalues  and eigenvecto rs  are pro perties o f square matrices and are used in a lo t o f real-life

applicatio ns including geo metrical transfo rmatio ns and pro bability scenario s. In o rder to  �nd these

eigenvalues and eigenvecto rs, the characteristic po lyno mial fo r a matrix must be fo und and so lved.

What  is a charact erist ic polynom ial?

Fo r a matrix A , if Ax=λxwhen x  is a no n-z ero  vecto r and λ  a co nstant , then λ  is an

eigenvalue  o f the matrix A and x  is its co rrespo nding eigenvecto r

If Ax=λx⇒ (λI−A)x=0  o r (A−λI )x=0  and fo r x  to  be a no n-z ero  vecto r, 

det (λI−A)=0
The characteristic po lyno mial o f an n×n  matrix is:

p (λ)=det (λI−A)

In this co urse yo u will o nly be expected to  �nd the characteristic equatio n fo r a 2×2  matrix and

this will always be a quadratic

How do I �nd t he charact erist ic polynom ial?

STEP 1

Write λI−A , remembering that the identity matrix must be o f the same o rder as A
STEP 2

Find the determinant o f λI−A  using the fo rmula given to  yo u in the fo rmula bo o klet

det A=|A | =ad−bc

STEP 3

Re-write as a po lyno mial 

Exam T ip

Yo u need to  remember the characteristic equatio n as it is no t  given in the fo rmula bo o klet
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Worked example

Find the characteristic po lyno mial o f the fo llo wing matrix

A=
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

5 4
3 1

.
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Eigenvalues & Eigenvectors

How do you �nd t he eig envalues of  a m at rix?

The eigenvalues o f matrix A  are fo und by so lving the characteristic po lyno mial o f the matrix

Fo r this co urse, as the characteristic po lyno mial will always be a quadratic, the po lyno mial will

always generate o ne o f the fo llo wing:

two  real and distinct eigenvalues,

o ne real repeated eigenvalue o r

co mplex eigenvalues

How do you �nd t he eig envect ors of  a m at rix?

A value fo r x  that satis�es the equatio n is an eigenvecto r o f matrix A
Any scalar multiple o f x  will also  satisfy the equatio n and therefo re there an in�nite number o f

eigenvecto rs that co rrespo nd to  a particular eigenvalue

STEP 1

Write x=
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

x
y

STEP 2

Substitute the eigenvalues into  the equatio n (λI−A)x=0 , and fo rm two  equatio ns in terms

o f x  and y
STEP 3

There will be an in�nite number o f so lutio ns to  the equatio ns, so  cho o se o ne by letting o ne o f the

variables be equal to  1  and using that to  �nd the o ther variable

Exam T ip

Yo u can do  a quick check to  o n yo ur calculated eigenvalues as the values alo ng the leading

diago nal o f the matrix yo u are analysing sho uld sum to  the to tal o f  the eigenvalues  fo r the

matrix
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a)

Worked example

Find the eigenvalues and asso ciated eigenvecto rs fo r the fo llo wing matrices.

A=
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

5 4
3 1

  .

b)

B=
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

1 −5
2 3

 .
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1.8.2 Applications of Matrices

Diagonalisation

What  is m at rix diag onalisat ion?

A no n-z ero , square  matrix is co nsidered to  be diago nal if all elements no t  alo ng its leading

diago nal are z ero

A matrix P  can be said to  diago nalise matrix M , if D  is a diago nal matrix where D=P−1MP
If matrix M has eigenvalues λ1 , λ2  and eigenvecto rs x1 , x2and is diago nisable by P , then

P= (x1x2) , where the �rst co lumn is the eigenvecto r x1and the seco nd co lumn is the

eigenvecto r x2

D=
⎛
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟

⎠

λ1 0

0 λ2
Yo u will o nly need to  be able to  diago nalise 2×2  matrices

Yo u will o nly need to  co nsider matrices with real, distinct eigenvalues

If there is o nly o ne eigenvalue, the matrix is either already diago nalised o r canno t be

diago nalised

Diago nalisatio n o f matrices with co mplex o r imaginary eigenvalues is o utside the sco pe o f

the co urse

Exam T ip

Remember to  use the fo rmula bo o klet fo r the determinant  and inverse  o f a matrix
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Worked example

The matrix M=
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

5 4
3 1

 has the eigenvalues λ1=7  and λ2=−1  with eigenvecto rs 

x1=
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

2
1

 and x2=
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

2
−3

 respectively.

Sho w that P1= (x1x2)  and P2= (x2x1)  bo th diago nalise M .
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Matrix Powers

One o f the main applicatio ns o f diago nalising a matrix is to  make it easy to  �nd po wers  o f the matrix,

which is useful when mo delling transient situatio ns such as the mo vement o f po pulatio ns between

two  to wns.

How can t he diag onalised m at rix be used t o �nd hig her powers of  t he orig inal
m at rix?

The equatio n to  �nd the diago nalised matrix can be re-arranged fo rM :

D=P−1MP⇒M=PDP−1

Finding higher po wers o f a matrix when it is diago nalised is straight fo rward:

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

a 0
0 b

n
=

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

an 0
0 bn

Therefo re, we can easily �nd higher po wers o f the matrix  using the po wer f o rmula fo r a matrix

fo und in the fo rmula bo o klet:

Mn=PDnP−1

Exam T ip

If yo u are asked to  sho w this by hand, do n’t fo rget to  use yo ur GDC to  check yo ur answer

afterwards!
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a)

b)

Worked example

The matrix M=
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

3 −2
−4 1

 has the eigenvalues λ1=−1  and λ2=5  with eigenvecto rs 

x1=
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

1
2

 and x2=
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

1
−1

 respectively.

Sho w that Mn  can be expressed as 

Mn=−
1
3

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

(− (−1)
n−2(5)

n
) (− (−1)

n+ (5)
n

)

(−2(−1)
n+2(5)

n
) (−2(−1)

n− (5)
n

)

Hence �nd M5 .
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