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1.8.1Eigenvalues & Eigenvectors

Characteristic Polynomials

Eigenvalues and eigenvectors are properties of square matrices and are used inalot of real-life
applications including geometrical transformations and probabilityscenarios.Inorderto find these
eigenvalues and eigenvectors, the characteristic polynomial foramatrixmust be found and solved.

Whatis acharacteristic polynomial?

= Foramatrix A, if AX=AXwhen Xis anon-zero vectorand A aconstant,then A is an
eigenvalue of the matrix Aand Xisits corresponding eigenvector

: FfAX=1X> (ﬂ,I— A)X= 0 or(A - ),I)X= 0 and for X to be anon-zero vector,
det(AI-A)=0

= The characteristic polynomial of an 1 X 1 matrixis:

p(1) =det(AI- A)

= Inthis course youwillonlybe expected to find the characteristic equationfora 2 X 2 matrixand
this will always be a quadratic
Howdo I find the characteristic polynomial?
= STEP1

Write Al— A, remembering that the identity matrixmust be of the same orderas A
= STEP?2

Find the determinantof A — A using the formula givento youinthe formulabooklet

det A=|A|=ad-bc

= STEP3
Re-write as apolynomial

O ExamTip

= Youneed torememberthe characteristic equationasitis not giveninthe formulabooklet
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@ Worked example

Find the characteristic polynomial of the following matrix

a=[*%)

\3 1)

p(N) = det (AT -A)

“(0(9) ()
“((2 S
= det (A_—zs —A:)

Determinant of a 2x2 Az[a b] = detA=|A|=ad—bc
matrix c d

(r-5)(A-) - (4)(-3)

= A -5A-A+S - 12

p(A)= M -6 -7

Page 2 of 9
For more help visit our website www.exampaperspractice.co.uk



=

Exam Papers Practice

Eigenvalues & Eigenvectors

Howdo you find the eigenvalues of amatrix?

= The eigenvalues of matrix A are found bysolving the characteristic polynomial of the matrix
= Forthis course,as the characteristic polynomial will always be a quadratic, the polynomial will
always generate one of the following:
= two realand distinct eigenvalues,
= onerealrepeated eigenvalue or
= complexeigenvalues
Howdo you find the eigenvectors of amatrix?

= Avalue for X thatsatisfies the equationis an eigenvector of matrix A

= Anyscalarmultiple of X will also satisfythe equationand therefore there aninfinite number of
eigenvectors that correspond to aparticulareigenvalue
= STEP1

Write X = {Xi
\Y)

= STEP2
Substitute the eigenvalues into the equation (ﬂI— A)X= 0,and formtwo equationsinterms
of Xandy

= STEP3
There will be aninfinite numberof solutions to the equations,so choose one bylettingone of the

variables be equalto 1 and using that to find the othervariable

O ExamTip

= Youcando aquickcheckto onyourcalculated eigenvalues as the values along the leading
diagonal of the matrixyou are analysing should sumto the total of the eigenvalues forthe
matrix
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@ Worked example

Find the eigenvalues and associated eigenvectors forthe following matrices.

a) 54
A=
31

Solve the characteristic polsmmial o find the eigpnvalues

P('\) = A= 68X =T 2 From worked example
above in Charackeristic

()‘ _ .')()‘ + l) Polynomials

Use the eigenvalies in Yne equation (M -A) x=0 & fid
the eignvectors

ate (1(00)(39)(z)(0)
(BEERWEA
GG)6)

2x-4y=0 2u =
-3x+63=o} ==

The e.’aenved‘cr associated wibh A=7 s any

mulbiple of (7;)

| |
- Ey EE EA AN WK - ~I]

For A==l = <'(¢; ?)_@ ‘.’))
GG
(£96) ()

“6x 5= 0y 2.3
ity
The en'aenved'cr associated wibh A=-l is any

mulbiple of (_7;)
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Find  the characterisbic Po(smw\;c\l

( e =
o) = ket (A_ln )\5-3)
(A -1)(x-3) - (5)(-2)

A -3N-A+3+10

p(A)= A -4)+13

Solve the characteristic pol:smmiq\ to find the eigenvalus
kv hand or usng the CDC

p(N) = A*-4A+13 =0

(A-2)-4+13=0

(r-2=-1
A=2:9
A= 2130

Use the eiqenvalves in Hhe equation (AT-A) x=0 & fid
the eigen vectors

For A= 243 <(z+3~) Dre -5))( )= ()
Co ) )6 )

1+3L 5 x) = O)
-2 -1+3 ) 0
/ Both equnﬁov\s con be

(1+3)x +54=0 }-2x= (-1433) simplified. to thel e Hung
'2x+(-|+3&)3=o 3

Drarntira

The eiau\vachf associated with A=2 +3( is any
mulbiple of (‘“’3;)
2

s () ()66
(CARANER) NS
(2 .5)G)©) N

(- 3L).11'5!3-° }Zx (-1- 3") smplified to the sme Bung
‘2x+(\ 3;

The eif.\vad:or associated wibh A= 2 -3¢ is any
mulbiple of (’l-Si)
2
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1.8.2 Applications of Matrices

Diagonalisation
Whatis matrixdiagonalisation?
= Anon-zero,square matrixis considered to be diagonalif allelements not alongits leading
diagonal are zero

= Amatrix P canbe said to diagonalise matrix M.t Disa diagonal matrixwhere D=P'MP
= If matrix Mhas eigenvalues )“1 ,/12 and eigenvectors X1 , Xzand is diagonisable byP,then

= P= (Xl Xz),where the firstcolumnis the eigenvectorX1 and the second columnis the

eigenvectorX2
A 0

D=
0 2,

= Youwillonlyneed to be able to diagonalise 2 X 2 matrices
= Youwillonlyneedto considermatrices withreal, distinct eigenvalues
= |fthereis onlyone eigenvalue,the matrixis eitheralreadydiagonalised orcannot be
diagonalised
= Diagonalisationof matrices withcomplexorimaginary eigenvalues is outside the scope of
the course

O Exam Tip

= Rememberto use the formulabooklet forthe determinant and inverse of a matrix
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@ Worked example
54

The matrix M = has the eigenvalues /11 =7 and 12 = — ] witheigenvectors

31

X1 = (? )and X2 = ( _23 )respectively.

Show that P, = (X1 Xz) and P = (szl) bothdiagonalise M.

Show that ¢ MP produces a Afagcm\ rmatnx

) a b o1 d -b
Inverse of a 2x2 matrix A= d = A = , ad # bc
c

(3 ) GE)

"

"
o |-
~—~ 7N 7
-w
NN
~—
=
~F
w
——

D= ])iasomi mabnx QF

D= (7 0) ‘; eigenvalwes

D= p'me =t (12 (s q)(z z)
2 \3 2 3.1 -2

=L<| -z) -2 lq)
3 3 2 3 7
- L('S 0
8\ 0 Se
D - ])ioxsoml waknx QF
D= (-oI 3) ‘; eigey\vnlw.i
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Matrix Powers

One of the mainapplications of diagonalising a matrixis to make iteasyto find powers of the matrix,
whichis usefulwhenmodelling transient situations such as the movement of populations between
two towns.

Howcanthediagonalised matrixbe used to find higher powers of the original
matrix?

= The equationto find the diagonalised matrixcan be re-arranged for M:
D=P 'MP= M=PDP!
= Finding higherpowers of amatrixwhenitis diagonalised is straight forward:
a0 [(a* 0
0b 0 b”

= Therefore,we caneasilyfind higherpowers of the matrix using the power formulafora matrix
found inthe formulabooklet:

M7= PDn P!
Q Exam Tip
= |fyouare asked to show this byhand,don’t forgetto use your GDC to checkyouranswer
afterwards!
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@ Worked example

3 -2
The matrix M = ( 41 has the eigenvalues A’l = —1 and 12 =5 witheigenvectors

Xl = (; )and X2 = ( _11 )respectively.
a) Show that M™ canbe expressed as
I { (=(=D2=2(5)7) (=(=1)r+(5)") )

M= C3(=2(- D+ 2(5)) (—2(- D)= (5)m) )

Find D, Pand P
D= (-‘ o) P= (l | > P'I: -l_(.l -|)
o0 S 2 - 3 -2 |

Use the mabx power forwula from the formula booklek

Power formula for M" = PD' P! P is the matrix of eigenvectors and D
a matrix - is the diagonal matrix of eigenvalues
n
M"=_l_(| | (-x o) <—| -|)
3\2 -1)\lo s/\72 When mulbiplying bhese

\
w|=
=N
N -
A
~— ~ ~

50 NEFG

M" = _L<(-(-n)"-z(s)") (-(0)" + (s)"))
s\C2¢+2(5)) (<21 -(s)")

o) HenceﬁndMS.

Subsbtute =95

Me= - l_((—(-|)s 2 (s)) (-(-1)*+ (s)s))
30C2¢+ 265)°) (21 - (5))

== (—ezm 3|zc)
3 L6252 -3123

Ms=( 2083 -|oqz)
-208¢ 1041
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