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1.7.1Introduction to Matrices

Introduction to Matrices

Matrices are a useful way to represent and manipulate datain order to model situations. The elementsina
matrix can represent data, equations or systems and have many real-life applications.

What are matrices?

= Amatrixis arectangular array of elements (numerical or algebraic) that are arranged in rows and
columns
= The order of a matrix is defined by the number of rows and columns that it has

= The order of a matrix with 117 rows and 11 columnsis I X 1
= Amatrix A canbe defined byA= (aij) where I = 1,2, 3, ..., mandj= 1,2,3,...,nand aij

refers to the elementinrow 1, column J

Number of columns, n = 3

L
I 1

Qi1 Q12 Qi3
zq Q22 Q3

) } MNumber of rows, m = 2

A=(a,)= (

What type of matrices are there?

= A column matrix (or column vector)is a matrix with a single column, 1 = 1
= Arow matrix is a matrixwith a single row, m = 1

= Asquare matrixis one in which the number of rows is equal to the number of columns, Im = n
= Two matrices are equal when they are of the same order and their corresponding elements are equal,

ie.a.=b  forallelements
) I

00
=  Azero matrix, O,isamatrixin which all the elements areO,e.g. O= {0 0

= Theidentity matrix, 1 is a square matrixin which all elements along the leading diagonalarel andthe
10

restare 0, e.g. I= 01
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@ Worked example

a3 37
Letthe matrix A = —1 2 4

a) Write down the orderof A.

A s a 2x3 Matrix

o)) State the value of 32 3
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1.7.2 Operations with Matrices

Matrix Addition & Subtraction

Justas with ordinary numbers, matrices can be added together and subtracted from one another,
provided that they meet certain conditions.

How is addition and subtraction performed with matrices?

= Two matrices of the same order can be added or subtracted
= Only corresponding elements of the two matrices are added or subtracted

-« A+B= (aij) + (by) = (aij + bjj)

= Theresultant matrix is of the same order as the original matrices being added or subtracted
What are the properties of matrix addition and subtraction?

» A+ B= B+ A(commutative)
A+(B+ C)=(A+B)+C(associative)
- A+ 0O=A

- O-A=-A

A-B=A+(-B)
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@ Worked example

Considerthe matrices A =
Find A+ B.
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Matrix Multiplication
Matrices can also be multiplied either by a scalar or by another matrix.
How do | multiply a matrix by a scalar?

= Multiply each elementin the matrix by the scalar value

. kA=(ka1.j)
= Theresultant matrix is of the same order as the original matrix
= Multiplication by a negative scalar changes the sign of each elementin the matrix

How do I multiply a matrix by another matrix?

= Tomultiply a matrix by another matrix, the number of columns in the first matrix must be equal to the
number of rows in the second matrix

= [f the order of the first matrixis 111 X 11 and the order of the second matrixis 11 X p, then the order of
the resultant matrix willbe m X p

= The product of two matrices is found by multiplying the corresponding elements in the row of the first
matrix with the corresponding elements in the column of the second matrix and finding the sum to
place in the resultant matrix

[ b]
« EglfA= ,B=| 1J

Lk IJ

[ (ag+ bi+ ck) (ah+ bj+cl) ]

= then = |

| (dg+ ei+ 1k) (dh+ej+1]) |

(ga+ hd) (gb+ he) (gc+ hf)
« then BA=| (ia +jd) (ib +je) (ic +jf)
(ka+1d) (kb+1le) (kc+ If)

How do | square an expression involving matrices?

= |f anexpressioninvolving matrices is squared then you are multiplying the expression by itself, so write
itoutin bracket form first, e.g. (A + B)2 = (A + B)(A + B)
= remember, the regularrules of algebra do not apply here and you cannot expand these brackets,

instead, add together the matrices inside the brackets and then multiply the matrices together
What are the properties of matrix multiplication?

« AB# BA (non-commutative)
A(BC) = (AB) C(associative)
A(B + C) = AB+ AC (distributive)
« (A+ B)C= AC+ BC istributive)
» AI=TA = A (identitylaw)
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= AO= OA = O, where Ois azeromatrix
= Powers of square matrices: A2 = AA, A3 = AAA etc.
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@ Worked example
r

Considerthe matrices A = I -3
[ -1

a) Find AB.

& & =5 5 |
AR = (-3 8 | Xx |-2 §
=L -2 2 T 7

xS+ 2x-2 + -5x9) (4x! + 2x53 -5x7)
= [(-3%x5+8x=2 + + x9) (-3xl + 8x5 + I1x7)
(' xS +-2x-2 + 2x4) (-1x) +-2x5 + 2x7)

"

((zo -4-45) (4+10 —36))
“1S-16 +4)  (-3+40+ 1)

(-S+4+18) (-1-10+14)

-29 -2
-22 44
17 3

o) Explain why you cannot find BA.

Agd

BA cannct b2 fouwrd because the number
of colomns in B is different to the nomber
OF rows in A

¢  Find A2,
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& L =5 & 2 -5\ /4 2 -5
-3 8 | = [-3 8 1 |[-3 g |
-l

2 -l -2 2 /\-1 2 2

3x4 + 8x-3+ Ix-1) (3x2 +8x8 +1x-2) (3xS + 8x\ + 1x2)

hxb + 2x3 4 5x-1)  (6x2 + 2x8 + x-2)  (4x-5 + 2x| 4 -5x2)
(_
“Clxg + ~2x=3+ 2x-1) (1x2 +-2x8 +2x-) (1x-5+-2x| + 2x2)

IS 34 ~-28
A= |-31 se 25
0 -2

7

For more help, please visit www.exampaperspractice.co.uk
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1.7.3 Determinants & Inverses

Determinants
What is a determinant?

= The determinantis a numerical value (positive or negative) calculated from the elements in a matrix
andis used to find the inverse of a matrix
= You canonly find the determinant of a square matrix

= The method forfinding the determinant of a 2 X 2 matrixis giveninyour formula booklet:

(**)
A= =det A=|A|=ad- bc
\c d)

* You only need to be able to find the determinant of a2 X 2 matrix by hand
= Forlarger n X 1 matrices you are expected to use your GDC
= The determinant of anidentity matrix is det (I) =1

» The determinant of a zero matrix is det (0) =0
= When finding the determinant of a multiple of a matrix or the product of two matrices:

= det (kA) = k2 det (A) (fora2 X 2 matrix)
« det (AB) =det (A) x det (B)
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@ Worked example
3 -6

Consider the matrix A = 7 ,where p € R isaconstant.

a) Giventhatdet A= — 3, findthevalue of p.

Determinant of @ 2x2 el i = detA=| A|=ad -bc
matrix cid

det A = 3x7 - -bxp = 2l +6p

So, =3 =12+ 6p
_24= GP
P==4

b) Find the determinantof 4 A .

det(48) = 4*x-3 = | - 48
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Inverse Matrices
How do | find the inverse of a matrix?

= Thedeterminant can be used to find out if a matrixis invertible or not:
» ifdet A #0,then Aisinvertible
= ifdet A=0,then Ais singularand does not have aninverse
= The method forfinding the inverse of a 2 X 2 matrixis giveninyour formula booklet:

A=(i Z)gAﬂ: de‘iA(—dc _ab} gd = be

= Youonlyneedtobeableto findtheinverse of a 2 X 2 matrix by hand
= Forlarger n X N matrices you are expected to use your GDC
= Theinverse of a square matrix Aisthe matrix A1 suchthat the product of these matricesis an
identity matrix, AA1=A"1A=1]
= Asaresult of this property:
« AB=C=B=A"! C (pre-multiplying by AL
« BA=C=B=CA"! (post-multiplying by Al
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@ Worked example

p 4 =2 k 6 18 18 &
Consider the matrices I" = , (= and X = ,where K is a constant.
8 2 -53 6 54
a  Find P71
Determinant of o 2x2 A:[u h]:dﬂA:|A|:ad-bc
matrix c d
. [a b] 4 1 [d —b]
Inverse of a 2x2 matrix A= = A = , ad # be
¢ d detAl—¢ a
i . ( 2 1)
4x2-(-2)x8 \-8 &
24 \-8 ¢
R
-1 12
P =

w|=
el Sl-

b) Giventhat PQ= R find the value of k.

PA=R = Q@=FPT"R

5x18+5x6) (Fxi%4+ .‘—1¥5¢))
C4x18+Ex6) ((4x18 + $x5S4)

(: 8)

[ I .

o T o

w o w
" "
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1.7.4 Solving Systems of Linear Equations with Matrices

Solving Systems of Linear Equations with Matrices

Matrices are usedin a huge variety of applications within engineering, computing and business. They are
particularly useful for encrypting data and forecasting from given data. Using matrices allows for much
larger and more complex systems of linear equations to be solved easily.

How do you set up a system of linear equations using matrices?

= Alinearequation canbe writtenin the form Ax = b, where A is the matrix of coefficients

= Note that forasystem of linear equations to have a unique solution, the matrix of coefficients must be
invertible and therefore must be a square matrix

= |nexams, only invertible matrices will be given (except when solving for eigenvectors)

= Youshould be able to use matrices to solve a system of up to two linear equations both with and
without your GDC

= Youshould be able to use a mixture of matrices and technology to solve a system of up to three linear
equations

How do you solve a system of linear equations with matrices?

= STEP1
X
Writetheinformationinamatrixequation,e.g.forasystemofthreelinearequationsA y =B,
ZzZ

where the entries into matrix A are the coefficients of X, ¥ and Z and matrix B is a column matrix
» STEP2

X
Re-write the equation using the inverse of A, y =A"1B

zZ
= STEP3

Evaluate the right-hand side to find the values of the unknown variables X, Y and Z
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@ Worked example

a) Write the system of equations
x+3y—z=-3
2x+2y+z=2
3x—-y+2z=1
in matrix form.
1 3 - 2 -3
2 2 Y = 2
¥ 2 2
b) Hence solve the simultaneous linear equations.

Re-wnlte the e:lumﬁan in part a) u.sT,\i the iwerse moakrix

L} L} L}

x T NEL -3
L} L} 3

y =ic 2 "u 2
ghe. - i

= 5 | s |

Use your GDC o find A"
'IF s la.rjtr Han o 222 mabnx

x =3
Y = |
2 4
xX =-2
5=I
2= 4
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