
1.7 Matrices

AI HL



1.7.1 Introduction to Matrices

Introduction to Matrices

Matrices are a useful way to  represent and manipulate data in o rder to  mo del situatio ns. The elements

in a matrix can represent data, equatio ns o r systems and have many real-life applicatio ns.

What  are m at rices?

A matrix is a rectangular array  o f elements  (numerical o r algebraic) that are arranged in ro ws  and

co lumns

The o rder o f a matrix is defined by the number o f ro ws and co lumns that it has

The o rder o f a matrix with m  ro ws and n  co lumns is m×n
A matrix A  can be defined by A= (aij)  where i=1, 2, 3, . . ., m  and j=1, 2, 3, . . ., n  and 

aij  refers to  the element in ro w i , co lumn j

What  t ype of  m at rices are t here?

A co lumn matrix (o r co lumn vecto r) is a matrix with a single co lumn, n=1
A ro w matrix is a matrix with a single ro w, m=1
A square matrix is o ne in which the number o f ro ws is equal to  the number o f co lumns, m=n
Two  matrices are equal when they are o f the same o rder and their co rrespo nding elements are

equal, i.e. aij=b ij fo r all elements

A z ero  matrix,O , is a matrix in which all the elements are 0 , e.g. O=
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

0 0
0 0

The identity matrix, I , is a square  matrix in which all elements alo ng the leading diago nal are 1  and

the rest are 0 , e.g. I=
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

1 0
0 1

Exam T ip

Make sure that yo u kno w ho w to  enter and sto re a matrix o n yo ur GDC
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a)

b)

Worked example

Let the matrix A=
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

5 −3 7
−1 2 4

Write do wn the o rder o f A .

State the value o f a2,3  .

1.7.2 Operations with Matrices

Matrix Addition & Subtraction

Just as with o rdinary numbers, matrices  can be added  to gether and subtracted  fro m o ne ano ther,

pro vided that they meet certain co nditio ns.

How is addit ion and subt ract ion perf orm ed wit h m at rices?

Two  matrices o f the same o rder can be added o r subtracted

Only co rrespo nding elements  o f the two  matrices are added o r subtracted

A±B= (aij) ± (b ij)= (aij±b ij)

The resultant  matrix is o f the same o rder as the o riginal matrices being added o r subtracted

What  are t he propert ies of  m at rix addit ion and subt ract ion?

A+B=B+A (co mmutative)

A+ (B+C )= (A+B )+C  (asso ciative)

A+O=A
O−A=−A
A−B=A+ (−B )

Exam T ip

Make sure that yo u kno w ho w to  add and subtract matrices o n yo ur GDC fo r speed o r fo r

checking wo rk in an exam!
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a)

b)

Worked example

Co nsider the matrices A=
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

−4 2
7 3
1 −5

, B=
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

2 6
5 −9
−2 −3

.

Find A+B .

Find A−B .
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Matrix Multiplication

Matrices can also  be multiplied  either by a scalar o r by ano ther matrix.

How do I m ult iply a m at rix by a scalar?

Multiply each element  in the matrix by the scalar value

kA= (kaij)

The resultant  matrix is o f the same o rder as the o riginal matrix

Multiplicatio n by a negative  scalar changes the sign o f each element in the matrix

How do I m ult iply a m at rix by anot her m at rix?

To  multiply a matrix by ano ther matrix, the number o f  co lumns  in the first matrix must be equal to

the number o f  ro ws  in the seco nd matrix

If the o rder o f the first  matrix is m×n  and the o rder o f the seco nd  matrix is n×p , then the

o rder o f the resultant  matrix will be m×p
The pro duct o f two  matrices is fo und by multiplying the co rrespo nding elements in the ro w o f

the first  matrix with the co rrespo nding elements in the co lumn o f the seco nd matrix and finding

the sum to  place in the resultant matrix

E.g. If A=
⎡
⎢
⎣

⎤
⎥
⎦

a b c
d e f , B=

⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

g h
i j
k l

then AB=
⎡
⎢
⎣

⎤
⎥
⎦

(ag+bi+ck) (ah+bj+cl)

(dg+ei+ fk) (dh+ej+ fl)

then  BA=
⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

(ga+hd) (gb+he) (gc+hf )

(ia+ jd) (ib+ je) (ic+ jf )

(ka+ ld) (kb+ le) (kc+ lf )

How do I square an expression involving  m at rices?

If an expressio n invo lving matrices is squared then yo u are multiplying the expressio n by itself, so

write it o ut in bracket fo rm first, e.g. (A+B)
2= (A+B) (A+B)

remember, the regular rules o f algebra do  no t apply here and yo u canno t expand these

brackets, instead, add to gether the matrices inside the brackets and then multiply the

matrices to gether

What  are t he propert ies of  m at rix m ult iplicat ion?

AB≠BA  (no n-co mmutative)

A (BC )= (AB )C  (asso ciative)

A (B+C )=AB+AC  (distributive)

(A+B )C=AC+BC  (distributive)

AI= IA=A  (identity law)

AO=OA=O , where O is a z ero  matrix

Po wers o f square  matrices: A2=AA, A3=AAA  etc.

Exam T ip

Make sure that yo u are clear o n the pro perties o f matrix algebra and sho w each step o f yo ur

calculatio ns
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a)

b)

c)

Worked example

Co nsider the matrices A=
⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

4 2 −5
−3 8 1
−1 −2 2

 and B=
⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

5 1
−2 5
9 7

 .

Find AB .

Explain why yo u canno t find BA .

Find A2 .
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1.7.3 Determinants & Inverses

Determinants

What  is a det erm inant ?

The determinant  is a numerical value  (po sitive o r negative) calculated fro m the elements in a

matrix and is used to  find the inverse  o f a matrix

Yo u can o nly find the determinant o f a square  matrix

The metho d fo r finding the determinant o f a 2×2  matrix is given in yo ur f o rmula bo o klet : 

A=
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

a b
c d ⇒det A= 








A =ad−bc

Yo u o nly need to  be able to  find the determinant o f a 2×2 matrix by hand

Fo r larger n×n  matrices yo u are expected to  use yo ur GDC

The determinant o f an identity matrix is det (I )=1
The determinant o f a z ero  matrix is det (O)=0
When finding the determinant o f a multiple  o f a matrix o r the pro duct  o f two  matrices:

det (kA)=k2 det (A) (fo r a 2×2  matrix)

det (AB )=det (A)×det (B )

a)

b)

Worked example

Co nsider the matrix A=
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

3 −6
p 7

, where p∈ℝ  is a co nstant.

Given that det A=−3 , �nd the value o f p .

Find the determinant o f 4A .
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Inverse Matrices

How do I find t he inverse of  a m at rix?

The determinant can be used to  find o ut if a matrix is invertible o r no t:

If det A≠0 , then A  is invertible

If det A=0 , then A  is singular and do es no t  have an inverse

The metho d fo r finding the inverse o f a 2×2  matrix is given in yo ur f o rmula bo o klet :

A=
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

a b
c d ⇒A−1=

1
det A

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

d −b
−c a , ad≠bc

Yo u o nly need to  be able to  find the inverse o f a 2×2 matrix by hand

Fo r larger n×n  matrices yo u are expected to  use yo ur GDC

The inverse o f a square matrix A is the matrix A−1  such that the pro duct o f these matrices is an

identity  matrix, AA−1=A−1A= I
As a result o f this pro perty:

AB=C⇒B=A−1C (pre-multiplying by A−1 )

BA=C⇒B=CA−1  (po st-multiplying by A−1 )
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a)

b)

Worked example

Co nsider the matrices P=
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

4 −2
8 2

, Q=
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

k 6
−5 3

 and R=
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

18 18
6 54

, where k  is a

co nstant.

Find P−1 .

Given that PQ=R  find the value o f k .
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1.7.4 Solving Systems of Linear Equations with Matrices

Solving Systems of Linear Equations with Matrices

Matrices are used in a huge variety o f applicatio ns within engineering, co mputing and business. They

are particularly useful fo r encrypting data and fo recasting fro m given data. Using matrices allo ws fo r

much larger and mo re co mplex systems o f linear equatio ns to  be so lved easily.

How do you set  up a syst em  of  linear equat ions using  m at rices?

A linear equatio n can be written in the fo rm Ax=b , where A  is a matrix

No te that fo r a system o f linear equatio ns to  have a unique  so lutio n, the matrix must be invertible

and therefo re must be a square  matrix

In exams, o nly invertible matrices will be given (except when so lving fo r eigenvecto rs)

Yo u sho uld be able to  use matrices to  so lve a system o f up to  two  linear equatio ns bo th with and

witho ut  yo ur GDC

Yo u sho uld be able to  use a mixture o f matrices and techno lo gy to  so lve a system o f up to  three

linear equatio ns

How do you solve a syst em  of  linear equat ions wit h m at rices?

STEP 1

Write the info rmatio n in a matrix equatio n, e.g. fo r a system o f three linear equatio ns A
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

x
y
z
=B ,

where the entries into  matrix A  are the co efficients o f x , y  and z  and matrix B  is a co lumn matrix

STEP 2

Re-write the equatio n using the inverse o f A , 

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

x
y
z
=A−1B

STEP 3

Evaluate the right-hand side to  find the values o f the unkno wn variables x , y  and z

Exam T ip

If yo u are asked to  so lve a system o f linear equatio ns by hand yo u can check yo ur wo rk

afterwards by so lving the same questio n o n yo ur GDC
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a)

b)

Worked example

Write the system o f equatio ns
⎧
⎪
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎪
⎩

x+3y−z=−3
2x+2y+z=2
3x−y+2z=1

in matrix fo rm.

Hence so lve the simultaneo us linear equatio ns.
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