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1.7.1Introductionto Matrices

Introductionto Matrices

Matrices are ausefulwayto represent and manipulate datainorderto modelsituations.The elements
inamatrixcanrepresent data, equations orsystems and have manyreal-life applications.

What are matrices?

Amatrixis arectangular array of elements (numerical oralgebraic) that are arranged inrows and
columns

The order of amatrixis defined by the number of rows and columns that it has
= The orderofamatrixwith Il rows and 11 columnsis M X n

Amatrix A canbe defined byA=(a1.j) where I = 1, 2,3, ..., mandj= 1, 2,3, ..., nand
al.j refers to the elementinrow 7,column J

Number of columns, n = 3

——
@11 Q12 Qi3
21 Q22 23

a=(ay) =

) ]» Number of rows, m = 2.

What type of matricesare there?

Acolumnmatrix (orcolumnvector)is amatrixwith asingle column, 1 = 1
Arow matrixis a matrixwith asingle row, Im = 1

Asquare matrixis one inwhich the numberofrows is equalto the numberofcolumns, m=n
Two matrices are equalwhentheyare of the same order and theircorresponding elements are
equalie. a..= b . forallelements

1 uJ

00
00

The identity matrix, Iisa square matrixinwhich allelements along the leading diagonal are 1 and

Azero matrix, O, is amatrixinwhich all the elements are 0, e.g. O=

. I_(l 0\
therestareV,e.g. _\O 1/

O Exam Tip

= Make sure thatyouknow how to enterand store a matrixonyour GDC
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@ Worked example

a5 37
Letthe matrix A = 12 4

a) Write down the orderof A.

A s a 2x3 Matrix

b)
State the value of a2’3 .

a4

1.7.2 Operations with Matrices

Matrix Addition & Subtraction

Justas with ordinarynumbers, matrices canbe added togetherand subtracted fromone another,
provided that theymeet certainconditions.

Howis additionand subtraction performed withmatrices?

= Two matrices of the same order canbe added orsubtracted
= Onlycorresponding elements of the two matrices are added orsubtracted

. AiB=(aij)i(bij)=(aU,ibij)

= Theresultant matrixis of the same order as the original matrices beingadded orsubtracted
What are the properties of matrixadditionand subtraction?

= A+ B=B+ A(commutative)

A+(B+ C)=(A+B)+ C (associative)
A+0O=A

O-A=-A

A-B=A+(-B)

O Exam Tip

= Make sure thatyouknow how to add and subtract matrices onyourGDC forspeed orfor
checkingworkinanexam!
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@ Worked example

-4 2 2 6
Considerthematrices A=| 7 3 ,B= 5 -9
1 -5 -2 -3
Find A+ B.
-4 2 2 6 -2 8
AvrQ = 7 3 + s -1 = 12 -6
I_=§ =2 -3 -] -8
Find A— B.
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Matrix Multiplication
Matrices canalso be multiplied eitherbyascalar orbyanother matrix.
Howdo Imultiplya matrixbyascalar?

= Multiplyeachelement inthe matrix by the scalar value
- kA= (kal.j)

= Theresultant matrixis of the same order as the original matrix
= Multiplicationbya negative scalarchanges the signof eachelementin the matrix
Howdo Imultiplya matrixbyanother matrix?

= To multiply a matrix by anothermatrix, the number of columns in the first matrixmust be equal to
the number of rows inthe second matrix

= [|fthe orderofthe first matrixis 117 X 11 and the orderof the second matrixis 1 X p, thenthe
orderof the resultant matrixwillbe m X p
= Theproductoftwo matricesis found by multiplyingthe correspondingelementsintherow of

the first matrix with the corresponding elements inthe columnof the second matrixand finding
the sumto place inthe resultant matrix

abc |rgh-|

« EglfA= B=11]j
de f I I

© Lk 1]

r(ag+ bi+ ck) (ah+ bj + c) ]
| (dg+ei+ k) (dh+ej+ £l) |
(ga+ hd) (gb+ he) (gc+ hf)

« then BA=| (ia+jd) (ib+je) (ic+jf)
(ka+1d) (kb+1e) (kc+If)

Howdo lsquare an expressioninvolving matrices?

= then

= |fanexpressioninvolvingmatrices is squared thenyou are multiplying the expression byitself,so

write itoutinbracket formfirst,e.g. (A + B)Z = (A + B)(A + B)

= remember,theregularrules of algebrado notapplyhere and youcannot expand these
brackets,instead,add togetherthe matrices inside the brackets and then multiply the
matrices together
What are the properties of matrixmultiplication?

= AB# BA (non-commutative)
= A(BC) = (AB)C(associative)
« A(B+ C)=AB+ AC (distributive)
(A+ B)C= AC+ BC ddistributive)
Al=1A = A dentitylaw)
« AO= 0OA = O, where Ois azero matrix
= Powers of square matrices: A= AA, A3=AAActc.

O Exam Tip

= Make sure thatyouare clearonthe properties of matrixalgebraand show eachstepofyour
calculations
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@ Worked example

4 2 =5 51
Considerthematrices A= =3 8 1 land B=| -2 5
-1 -2 2 9 7
a)  Find AB.
& 2 -5 5 |
AR = (-3 8 | Xx |-2 5§
12 2 q 7

(-3x5+8x-2 + 1 x9) (3xl + 8x5 + Ix7)
(1 xS+-2x"2 + 2x42) (-1x) +-2xS + 2x7)

((4.x5+ 2x-2 + -5x9) (4x) + 2x5 4+ -5x7)

(20 -4 - 45) (4+10-35)
= | 1s-16 +9)  (-3+40+ 1)
(-5 +4+18) (-1-10+14)

-29 -2\
AG = | - 22 44
(| 3

o) Explain whyyoucannot find BA.

BA cannct R found becouse the number
Of wolomns in B s diFFerent to the nonber

of rows in A

c)  Find AZ.

e 2, -5 L& 2 -5 4 2 -5
-3 8 | = [-3 8 | -3 8 |
122 A4 -2 2/\-1 2 2

(4x6 + 23 + -5x-1) (4x2 + 2x8 + -5x-2)  (4x-5 + 2x| + -sxz)>

=
0

]

(3x4 + 8x-3+ Ix-1) (3x2 +8x8 4\ x-2) (3x=5 + x| + Ix2)
-lxg + -2x-3+ Zx-|> Crx2 +-2x8 +2x—2) Clx-5+-2x\ + ZxZ)

IS 34 -28
A*=1-31 se 25
O =24 7

Page 5 of 10
For more help visit our website www.exampaperspractice.co.uk



E=l

Exam Papers Practice

1.7.3Determinants & Inverses

Determinants
Whatisadeterminant?

= The determinantis anumerical value (positive ornegative) calculated fromthe elementsina
matrixand is used to find the inverse of a matrix
= Youcanonlyfind the determinant of asquare matrix

= The method forfindingthe determinant of a2 X 2 matrixis giveninyourformulabooklet:

(7 °]
A= = det A=|A|=ad- bc
\cd)

= Youonlyneed to be able to find the determinant of a2 X 2 matrixby hand
= Forlargern X 1 matrices you are expected to use your GDC
= The determinant of anidentity matrixis det (I) =1

» The determinant of azero matrixis det (0) =0
= Whenfindingthe determinant of amultiple of amatrixorthe product of two matrices:

= det (kA) = k2 det (A) (fora2 X 2 matrix)
« det (AB) =det (A) x det (B)

@ Worked example
3 -6

Considerthe matrix A = 7 ,where p € Risaconstant.

a) Giventhatdet A = =3, find the value of p.

Determinant of a2x2 A=|? 2 :detA:|A|:ad—bc
matrix c d

det A = 3x7 - -6xp = 2l +6p

So, 3 =2] +6p
"24'—' 6P
p=-4

b) Find the determinantof4 A.

det(48) = ¢*x-3 = |- 48
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Inverse Matrices
Howdolfindtheinverse of amatrix?

= The determinantcanbe used to find outif amatrixis invertible ornot:
= lrdet A#0, then Aisinvertible
= ifdet A=0,then Ais singularand does not have aninverse

= The method forfindingtheinverse ofa 2 X 2 matrixis giveninyourformulabooklet:

A ab A1 1 d —-b
= = =
cd det A\ —¢

, ad#Z bc

= Youonlyneed to be able to find the inverse ofa2 X 2 matrixby hand
= Forlargern X N matrices you are expected to use your GDC
= Theinverse of asquare matrix Ais the matrix A~ such that the product of these matricesis an
identity matrix, AA1=A"TA=1]
= Asaresultof this property:
« AB=C=>B=A"! C (pre-multiplying byA_l)
=« BA=C=B=CA"! (post-multiplying byA_l)
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@ Worked example

| pe[* ) o[ K6 p (1818 .
Considerthe matrices I© = g 2 ,Q— _53 and K= 6 54 ,where
constant.

a  Find P71,

b)

Determinant of a2x2 A=l € & 3de1A:|A|:ad—b0
matrix c d

@ det A\ —

. a b P 1 d -b
Inverse of a 2x2 matrix A= = A = , ad # bc
c a

Pt —V (Z 7.)
4x2-(-2)x8 \-8 &

\(zz
2¢ \-8 ¢

N

<t 2
-1

3

el Si-

Giventhat PQ= R find the value of k.

PQA=R => Q=FP"R

k 6) (—'z .—'z>(|s ns)
-5 3 ¢t /)\e se
k 6) ( Xl8+.zx6) (-zx13+.zx54))
-5 3 C5x18+Ex6) (($x18+ +x54)

(39)
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1.7.4 Solving Systems of Linear Equations with Matrices

Solving Systems of Linear Equations with Matrices

Matrices are used inahuge variety of applications within engineering, computing and business.They
are particularlyusefulforencryptingdataand forecasting from given data. Using matrices allows for
much largerand more complexsystems of linearequations to be solved easily.

Howdo yousetup asystem of linearequationsusing matrices?

= Alinearequationcanbe writteninthe form Ax = b, where A is amatrix

= Notethatforasystemoflinearequations to have aunique solution, the matrixmust be invertible
and therefore must be a square matrix

= |nexams,onlyinvertible matrices willbe given (except whensolving foreigenvectors)

Youshould be able to use matrices to solve asystemof up to two linearequations both withand
without yourGDC

Youshould be able to use a mixture of matrices and technologyto solve asystemofupto three
linearequations

Howdo yousolveasystem of linearequations withmatrices?

= STEP1

X

Writetheinformationinamatrixequation,e.g.forasystemofthreeIinearequationsA y =B,

zZ

where the entries into matrix A are the coefficients of X,y and Zand matrix B is a column matrix
= STEP2

X
Re—writetheequationusingtheinverseofA, y =A_IB

ZzZ
= STEP3

Evaluate the right-hand side to find the values of the unknownvariables X, Y and Z

O ExamTip

= |fyouare askedto solve asystemoflinearequations byhand youcancheckyourwork
afterwards bysolving the same questiononyourGDC
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@ Worked example

a)

b)

Write the system of equations
x+3y—z=-3
2x+2y+z=2
3x—y+2z=1

inmatrixform.

Hence solve the simultaneous linearequations.

Re-wnlte bthe Qimqkfon in part a) u.S:v\S the inverse mabrix

) ) (]

x w T w =)
(] [ 3

) =17 Z T 2
" S

z S | S |

U your GDC o find A
EF it s letr Han a 2x2 matnx

]}
= p

VNes R
n g
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