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1.6.1 Geometry of Complex Numbers

Geometry of Complex Addition & Subtraction

What does addition look like on an Argand diagram?

= |nCartesianformtwo complex numbers are added by adding the real and imaginary parts
= When plotted on an Argand diagram the complex number z; + z, is the longer diagonal of the
parallelogram with vertices at the origin, z;, zyand z; + z,

What does subtraction look like on an Argand diagram?

= |n Cartesian form the difference of two complex numbers is found by subtracting the real and
imaginary parts

= When plotted on an Argand diagram the complex number z; - zo is the shorter diagonal of the
parallelogram with vertices at the origin, z;, -zo and z; - z»

What are the geometrical representations of complex addition and subtraction?

= |Letwbe agivencomplex numberwithreal part a andimaginary partb
« w=a+bi

= |etzbeany complex numberrepresented onan Argand diagram

= Addingwto zresultsinzbeing:

a
= Translated by vector (b)

= Subtracting w fromzresultsinzbeing:

= Translated by vector (_3 ‘

\-b)
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@ Worked example

Consider the complexnumbersz;=2 + 3iand z, = 3 - 2i.

OnanArgand diagram represent the complex numbers z;, z2, z; + z2and z; - z5.

Ficst £ind zZ.+Z, and 7 -7 :

Z, 4+ %= (2+30) +(3-2i) =5+

Z -2, = (2+31) -(3-2i) =-1+5
lm
)

Z-22=-] +5i
_E'L)(:
=
The

eormetr coll propecties Con ‘oe
Seen 'Io\\j addinj n -z, =-3+2
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Geometry of Complex Multiplication & Division
What do multiplication and division look like on an Argand diagram?

= The geometrical effect of multiplying a complex number by areal number, a, will be an enlargement of
the vector by scale factora
= Forpositive values of a the direction of the vector will not change but the distance of the point
from the origin willincrease by scale factora
= Fornegative values of a the direction of the vector will change and the distance of the point from
the originwillincrease by scale factora
= The geometrical effect of dividing a complex number by areal number, a, will be an enlargement of the
vector by scale factor1/a
= Forpositive values of a the direction of the vector will not change but the distance of the point
from the origin willincrease by scale factor1/a
= Fornegative values of a the direction of the vector will change and the distance of the point from
the originwillincrease by scale factor1/a
= The geometrical effect of multiplying a complex number by i will be arotation of the vector 90°
counter-clockwise
B i(x+yi)=-y+Xxi
= The geometrical effect of multiplying a complex number by animaginary number, ai, will be arotation
90° counter-clockwise and an enlargement by scale factora
= ai(x +yi) = -ay + axi
= The geometrical effect of multiplying or dividing a complex number by a complex number willbe an
enlargement and arotation
= Thedirection of the vector will change
= The angle of rotationis the argument
= The distance of the point from the origin will change
= The scale factoris the modulus

What does complex conjugation look like on an Argand diagram?

= The geometrical effect of plotting a complex conjugate on an Argand diagramis areflectionin the real
axis
= Thereal part of the complex number will stay the same and the imaginary part will change sign
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@ Worked example

Considerthe complexnumberz=2-i.

OnanArgand diagram represent the complexnumbers z, 3z, iz, z* and zz*.

Fiest £ind 3z, 1z and =*
2 =72

3z = 3(2-1) = 6-3
iz =1(2-1) = 2i-i1* = 2i-(-) = | +2
2 = 2 41

zz = (7_-i)('2_+'l) =4-it = 4-(-1) =95

For more help, please visit www.exampaperspractice.co.uk
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1.6.2 Forms of Complex Numbers

Modulus-Argument (Polar) Form

How do | write a complex number in modulus-argument (polar) form?

= The Cartesian form of acomplexnumber, Z= X + iy, iswritteninterms of itsreal part, X, and its

imaginary part, Y
= Ifweletr= | Z| and 0= arg z,thenitis possible to write acomplex numberin terms of its modulus, I

,andits argument, 0, called the modulus-argument (polar) form, given by...

« z=1r{cos 0+ isin )

= Thisisoftenwrittenasz=rcis@

= Thisis giveninthe formula book under Modulus-argument (polar) form and exponential (Euler) form
= [tisusualto give argumentsintherange— T < 0 < Mor0 < 0 < 2T

= Negative arguments should be shown clearly

_ e,g.z=2(cos (_?”)Hsm (—?”)) = 2 cis (—%)

T ) 1
= without simplifying COS(— ?) to either COS ? orE

= The complex conjugate of rcisfisrcis(-6)
= |facomplexnumberis giveninthe form Z= I(COS 60— isin 9) thenitis notin modulus-argument
(polar) form due to the minus sign
= |tcanbe converted by considering transformations of trigonometric functions
» —sinf = sin(—0) and cosh = cos(— 0)
« so z=r{cosf—isinh) = z= r{cos(—0) +isin(—0)) = rcis(—0)
= To convert from modulus-argument (polar) form back to Cartesian form, evaluate the real and
imaginary parts

1 3
. E.g.Z=2(COS(—?ﬂ)+isin(—ﬂ)) becomes z=2| — +1 —£ =1 —ﬁi

3 2 2

How do I multiply complex numbers in modulus-argument (polar) form?

= The main benefit of writing complex numbers in modulus-argument (polar) formis that they multiply
and divide very easily

= To multiply two complex numbers in modulus-argument (polar) form we multiply their moduli and add
their arguments

25,|= 7|2,

arg (Z1 Zz) =arg z targ z,

= Soifz;=rcis(B;)andza=rycis(67)
" Z1Zo=II2 cis (91 + 92)
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= Sometimes the new argument, 91 + Qz,doesnotlieintherange—7'[ <0 < 1mor

0 < 0 < 271 ifthisis being used)

= Anout-of-range argument can be adjusted by either adding or subtracting 2 TC

27 T 7T
. E.g.lf(91=Tand92=? then 91 +92 = ?
» Thisiscurrentlynotintherange— T < @ < T
m ST
= Subtracting 2T from ? togive — ? ,anew argumentis formed

= Thisliesinthe correctrange andrepresents the same angle on an Argand diagram
= Therules of multiplying the moduli and adding the arguments can also be applied when...

= _.multiplying three complex numbers together, Z1 2223 ,ormore

= . finding powers of acomplex number(e.g. Z2 canbe written as ZZ)
= Therules formultiplication can be proved algebraically by multiplying z; = r; cis (61) by z2 = r2 cis (82),
expanding the brackets and using compound angle formulae

How do | divide complex numbers in modulus-argument (polar) form?

= Todivide two complexnumbers in modulus-argument (polar) form, we divide their moduliand
subtract their arguments

Izl B |Z1|
| %3 |z,
Zl
- arg| - |Sargz —arg z,
2
n Soifz;=rcis(B;)andzy=rycis(62) then
Z (0,-0)
= — =—2CIS -
1 2
Z, L

= Sometimes the new argument, 91 - 92,canlieoutofthe range— T < 0 < TT (ortherange

0 < 0 < 2 mifthisisbeingused)
= Youcanadd or subtract 2 TT to bring out-of-range arguments back inrange
= Therules fordivision can be proved algebraically by dividing z; = r; cis (61) by z» = ro cis (82) using
complex division and the compound angle formulae
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@ Worked example
o 3m m\ .. (m

Letz, = 4/2 cis T4 endzy= J8 (cos(j) - 1sm(?))
a) Find z,z, giving your answer in the form I(COS9 + iSil’lQ) where0<0<2m

z, =47 as(3F) , 2, = [B(cos(-F) +isin(-}) = 2JZcis(-B)
Foe Z,2,, Mult'tp'[j the mModull and odd e arguments
2.2, = (41T c'\s(%))(zﬁais(-%))

= (&J2)(212) cis (%— +(-3)

= |bcis (Lq,)

2,2, = \E(COS% + isinli-)

1 ..
Find —, giving your answerin the form I(COSH + 1811’19) where—TI<O< 1T

Z, e 2
Foc — divide the madull and sulskrack the arguments

2 wmas(P) | el ois(soy)
22 2Z cis(-%) 2z N

STL/_..._._\\STL
Zes (—q_) T s not n the
-T<B& T
i Sﬂ- ‘mlﬁe- -
ZC'S(T""—") SO suoteack 27T

Eo bfin.s L Wbto ronge

n

= 2(cos (%) + isin(%))
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Exponential (Euler's) Form

How do we write a complex number in Euler's (exponential) form?

= Acomplexnumbercanbe writtenin Euler'sformas Z= rei?

= Thisrelates to the modulus-argument (polar)formas Z = rei9 =rcis 0
= Thisshowsaclearlink between exponential functions and trigonometric functions
= Thisis givenin the formula booklet under 'Modulus-argument (polar) form and exponential (Euler)
form'
= The argumentis normally givenintherange O <6 < 2mn
= Howeverin exponential form other arguments can be used and the same convention of adding or
subtracting 2t can be applied

How do we multiply and divide complex numbers in Euler's form?

= Euler'sform allows for quick and easy multiplication and division of complex numbers

P 16, e A i6, N
. Z1 rle an 22 1'26 then
i(0,+0,)
n X == 1 2
Z1 22 I'11’2€
= Multiply the moduliand add the arguments
Z r. .
C Lm0y
4 h

= Divide the moduliand subtract the arguments
= Using these rules makes multiplying and dividing more than two complex numbers much easier thanin
Cartesian form
= Whenacomplexnumberis writtenin Euler's formitis easy toraise that complex number to a power

o If z= reif, 22 = 2210 ang 27 = rreni?
What are some common numbers in exponential form?

= AsCOS (2 T[) =1 andsin (2 T[) = (0 you canwrite:
| =e2mi
= Using the sameideayou can write:
w | =e0=e2Mi=dmi=bmi= g2kmi
= wherekisanyinteger
= As COS( 7T) = —1and sin( 7T) = (0 you can write:
= efli= -]
= Ormore commonly written as eif+1=0

= Thisisknown as Euler'sidentity and is considered by some mathematicians as the most
beautiful equation
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A cos(£)=0 dsin(£)=1 ite:
s > an ) you canwrite:

L
= i=e?

@ Worked example

.
L .
Consider the complexnumber Z=2¢ 3 Calculate Z2 giving your answer in the form relf,

z"=(2e?"> =(2e3'X2e3}'> =4e 2
\meLE\pb the modulc
odd the arguments
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Conversion of Forms

Converting from Cartesian form to modulus-argument (polar) form or exponential (Euler's)
form

= To convert from Cartesian form to modulus-argument (polar) form or exponential (Euler) formuse

c ==Xy

= and
» O=argz

Converting from modulus-argument (polar) form or exponential (Euler's) form to Cartesian
form

= To convert from modulus-argument (polar) form to Cartesian form
= Youmay need to use your knowledge of trig exact values
= a=rcosBandb=rsind
= Writez=r(cosO +isin®)asz=rcos0 +(rsinB )i
= Find the values of the trigonometric ratios rsin@ and rcos@
= Rewriteasz=a+biwhere
= To convert from exponential (Euler’s) form to Cartesian form first rewrite z=re® inthe formz=rcos8 + (r
sinB)i and then follow the steps above

Converting between complex number forms using your GDC

= Your GDC may also be able to convert complex numbers between the various forms
= Tlcalculators, forexample, have 'Convert to Polar' and 'Convert to Rectangular' (i.e. Cartesian) as
optionsinthe 'Complex Number Tools' menu
= Make sure you are familiar with your GDC and what it can (and cannot) do with complex numbers
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@ Worked example

27 .

-1

Two complex numbers are given by Z1 =2+2iand Z2 =3¢ 3

a) Write Z1 in the form rei?.

xomLed
Find the modulus: |2, = \] 2t +2¢ = JE =2]2
Drow a sketeh to help find the &rsument:

[m
P |
- i gpe.i e ="rm\-‘(%) =-]-cm-‘(l)
i -
T4
e ! »Re
A
Z

r;
4
E( = 7_]_2_.6

b) Write Z2 inthe form I(C089 + isin@) and then convert it to Cartesian form.

s, B
| 270 *
3 - = 2T

3(-z «i (@)

E?.= -32—-(-| + El)
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1.6.3 Applications of Complex Numbers

Frequency & Phase of Trig Functions
How are complex numbers and trig functions related?

= Asinusoidal functionis of the form a sin(bx + c¢)
= arepresents the amplitude
= brepresents the period (also known as frequency)
= crepresents the phase shift
= The function may be written a sin(bx + bc) = a sinb(x + ¢) where the phase shiftisrepresented
by bc
= Thiswillbe made clearinthe exam
= Whenwrittenin modulus-argument form the imaginary part of a complex numberrelates only to the
sin part and the real part relates to the cos part
= This means that the complexnumber can be rewrittenin Euler's form and relates to the sinusoidal
functions as follows:
= asin(bx+c)=Im(aeibx+c)
s acos(bx+c)=Re (aeibx+c))
= Complexnumbers are particularly useful when working with electrical currents orvoltages as these
follow sinusoidal wave patterns
= ACvoltages may be giveninthe formV =asin(bt +c)orV=acos(bt +c)

How are complex numbers used to add two sinusoidal functions?

= Complexnumbers can help to add two sinusoidal functions if they have the same frequency but
different amplitudes and phase shifts
= e.g.2sin(3x +1)canbe added to 3sin(3x - 5) but not 2sin(5x + 1)
= Toaddasin(bx + c)to dsin(bx + e)
» oracos(bx+c)todcos(bx+e)
= STEP1: Consider the complex numbers z; = ae®**%) and z, = del®*+®
= Thenasin(bx+c)+dsin(bx+e)=Im(z;+zy)
» Oracos(bx+c)+dcos(bx+e)=Re(z;+2z2)
» STEP 2: Factorise z)+2z, = ae/®*¢) 4 delX+€) = gioX (361 4 de®)
= STEP 3: Convert ae® + de® into a single complex number in exponential form
= Youmay need to convertitinto Cartesian form first, simplify and then convert backinto
exponential form
= Your GDC willbe able to do this quickly
= STEP 4: Simplify the whole term and use the rules of indices to collect the powers
= STEP 5: Convertinto polar form and take...
= only theimaginary part for sin
= oronly thereal partforcos
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@ Worked example
Two AC voltage sources are connected in a circuit. If V1 =20sin(304)and V2 = 3OSin(30t+ 5)

find an expression for the total voltage in the form V= Asin(30t+ B).

20sin(30t) + 30sin(30t+5)
A s

Ffwies ore the
Same So they can be odded

209_;(309 a'\[?»Ob +5)

STEPI1: lek E, = and. 2, =30

In polar form the imagivewy parts ove the
sinusoidol funckhions we wank to odd.

STEP 2: Find E, 4 By

i (30%) (304 +5)
z"!‘ 11_ = 2,0& + 30& (_h 2 +L3L¢°-5[.s}+ l sintﬁ))
- 10e39% (2 + 2e%')  =2850.-12.8%.}

STEP 3: Use GOC to find 2+43e* in Eules’s form

. ]09_,3“; (4.05... e—ﬂ,?l‘l..i)

STep 4: Use index laws to simplify .

—_— 1 (20t -0784...)
= . e'

STEP S: Convert to Polar form
= 40.5( cos(z0t-0m8a.) +i sin(sat.—a.wq,.,))

The imasmwb part (s the Solukon

V = 40.5 sin(30t -0390)
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