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1.6.1 Binomial Theorem

Binomial Theorem

What is the Binomial Theorem?

= The binomial theorem (sometimes known as the binomial expansion) gives a method for expanding a
two-term expressionin a bracketraised to apower
= Abinomial expressionisinfact any two termsinside the bracket, howeverin B the expression will
usually be linear
To expand a bracket with a two-term expressionin:
= Firstchoose the most appropriate parts of the expression to assigntoaand b
= Thenuse the formula for the binomial theorem:

(a+b)r=an+ "C 2" 'b+ .. +7Ca""h "+ . 4D

n!

n —
= where CI‘_ 1‘!(1]—1‘)'

. v n
= Seebelowformoreinformationon Cr

o) e

n .
= Youmay also see Cr written as \I’} or .

You will usually be asked to find the first three or four terms of an expansion
Look out for whetheryou should give your answer in ascending or descending powers of x

= Forascending powers start with the constant term, a"

= Fordescending powers start with the term with xin

= Youmay wishto swap aand b over so that you can follow the general formula given in the
formula book
= |f youare notwriting the full expansion you can either
= show that the sequence continues by putting an ellipsis (...) after your final term
= orshow that the termsyou have found are an approximation of the full sequence by using the sign
forapproximately equals to (=)

How do I find the coefficient of a single term?

= Most of the time you will be asked to find the coefficient of a term, rather than carry out the whole

expansion
= Use the formula forthe general term

HC 3H -r br
r

= The questionwill give you the power of x of the term you are looking for
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= Use this to choose which value of r you will need to use in the formula
= Thiswilldepend onwhere the xisin the bracket
= Thelaws of indices can help you decide which value of r to use:

. For(a + bX)” to find the coefficient of X7 use @7~ 1 (bX)‘r

r r
n—— il
. For(a + sz)” tofindthe coefficientof X' use @ 2 (sz) 2
b.n
] For(a + ;) look at how the powers will cancel out to decide which value of I to use

2 \8
u Sofor(3X + — 'toﬁndthecoef'f'lcientofX2 use the termwith = 3 andto find the

\ x)
constant termuse the termwith 1 = 4
= There are alot of variations of this soitis usually easier to see this by inspection of the
exponents
You may also be given the coefficient of a particular term and asked to find an unknown in the brackets
= Usethelaws of indicesto choose the correct term and then use the binomial theorem formula to
form and solve and equation
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@ Worked example

Find the first three terms, in ascending powers of X, in the expansion of (3 - 2X)5.

=83 b=-22z n=H
Substitte. volues Wit the foceula 2o (a+b)”

(Ox-tb]““—' o ncl&ﬂ"b -+ *nC( o Gkt O

Queskion osks ?o..- uscendinj powers of ¢ So Stort With
the constont term, g
(3 -2=)° =35 + 5¢, (3)°7'(-2x) + 5¢, (3)°7* (~2x)" +...
uk
E:u;:h?mo % 243 + SxBIx-2T + [0x 2% X fox-

ano.h'\vE
& 243 — R10x + |080 x*

(3 -z':alr-)'5 ~ 243 — B10x + |080 x*

For more help, please visit www.exampaperspractice.co.uk
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The Binomial Coefficient nCr

Whatis “Cr?

= |f we want to find the number of ways to choose ritems out of n different objects we can use the

n
formula for Cr

n!
u TheformulaforrcombinationsofnitemsisHC = —
r rl(n-r1)!

= This formulais givenin the formula booklet along with the formula for the binomial theorem
n
= The function Crcan be written (H

r
= Make sure you can find and use the button on your GDC

) or nCr andis oftenreadas ‘nchooser’

n
How does Cr relate to the binomial theorem?

n!

n . . . .
= The formula Cr = is also known as a binomial coefficient

rl(n—1r)!
= Forabinomial expansion (3 + b)” the coefficients of each term will be HCO, HCI andsoonupto
C
n
: th : n
= The coefficient of the I'""* termwill be Cr

n _n _
. CH— Co—l

. . . . n n
= The binomial coefficients are symmetrical, so Cr = Cn 2o,

= This canbe seenby considering the formula forHCr

n n! n!
) Cn—f_ (n=0)!(n—(n—-1))! B rl(n—r1)! B HCT
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@ Worked example

Without using a calculator, find the coefficient of the termin X3 inthe expansion of(l + X)9.

n =qf nN=1, o=
Substitute volves into tre formula e He binomial 4heorem :

n -
(0n4b) =00 + ... + O L SRR ¥
N

n -
wheve C¢ = (n-0)'

q a q q-c i KCO?{F‘\\C'\QH“Q of
(hril) = éo C‘r(f) ('3:-) x° OCCwrS
when =3,
q-3 3
€ =3 gus 1cax() (=)

Non -coleuwlokor, 20 work out ncr segsa\m’ue_tb .

G, = i Z AxBx Px g FAEXBIxZ
3 (9-3) (3x2)(Fx Ex 4 xFx2D)

o YT
6

50 the term when r=3 (s 8%x (1)°x x*

=34

= B3

Coefbicienk of =3 = @4

For more help, please visit www.exampaperspractice.co.uk
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Pascal's Triangle
What is Pascal’s Triangle?

= Pascal’s triangle is a way of arranging the binomial coefficients and neatly shows how they are formed
= Eachtermis formed by adding the two terms above it
= Thefirstrow hasjust the number]
= Eachrowbegins and endswithanumber]
= Fromthe third row the termsin between the 1s are the sum of the two terms above it

1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
I 6 15 20 15 6 1
1 7 21 35 35 21 7 1

How does Pascal’s Triangle relate to the binomial theorem?
n
= Pascal’s triangle is an alternative way of finding the binomial coefficients, Cr

= |tcanbe useful for finding for smaller values of 11 without a calculator
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= Howeverforlargervalues of 11 itis slow and prone to arithmetic errors

0
= Takingtheﬁrstrowaszero,( CO = 1),eachrowcorrespondstothentb row and the term within

that row corresponds to the ' term

@ Worked example

Write out the 7t" row of Pascal’s triangle and use it to find the value of 6 C4.

™ vow of Yoscols Tﬂb\r\gte_,:

o

‘e l"/ iz
B oagp R

I 2z {

l 3 3 |
4 &6 & |

| 5 10 10 5 |
. N NN\ LN
™ vom | 6 IS 20 15 6 I

# B

G bcy

" vow of Yoscals Targle: 1,6,15,20,15,6,|
6C4' = IS
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1.6.2 Extension of The Binomial Theorem

Binomial Theorem: Fractional & Negative Indices
How do luse the binomial theorem for fractional and negative indices?
= The formula givenin the formula booklet for the binomial theorem applies to positive integers only
- (a+b)r=am+ 2C a"~lb+..+1C an~Tb'+ ..+ b"
n!

u whereHCr= I"(H _ 1‘)'

= Fornegative or fractional powers the expressionin the brackets must first be changed such that the

valueforais1

. (a+b)”=a“(1+% )H

. (a+b)“=aﬂ(1+n(%) +H(H2—:1)(§)2 + .. ),HEQ

= Thisis givenin the formula booklet
= [fa=1andb =xthe binomial theoremis simplified to

n(n—1) 4 n(n—1)(n-2)

« (1+x)7=1+nx+ TR Y xX3+.,n€Q, |x|<1
= Thisis notinthe formula booklet, you must remember it or be able to derive it from the formula
given

= Youneedtobe able torecognise anegative or fractional power
= The expression may be on the denominator of a fraction

g0

= QOrwrittenasasurd

- Y(a+b)ym=(a+b) "

= Forn ﬁ N the expansionisinfinitely long

= Youwillusually be asked to find the first three terms
= The expansionis only valid for |X| <1

= Thismeans—1 <x<1

= Thisisknown as the interval of convergence

a a
= Foranexpansion (a + bX)” the interval of convergence wouldbe — 7 < x < —

b b

How do we use the binomial theorem to estimate a value?
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= The binomial expansion can be used to form an approximation for a value raised to a power

= Since |X| <1 higher powers of x will be very small
= Usually only the first three or four terms are needed to form an approximation
= The more terms used the closer the approximationis to the true value
= The following steps may help you use the binomial expansion to approximate a value
= STEPT1: Compare the value you are approximating to the expression being expanded
1 1

s eg (1= %2 =0.962

= STEP 2: Find the value of x by solving the appropriate equation

*eg ]l —x=0.96
x = 0.04

= STEP 3: Substitute this value of xinto the expansion to find the approximation

1 1
“eg - 5(0.04) ~ 3 (0.04)2=0.9798

= Checkthat the value of xis within the interval of convergence for the expression
= |f xis outside the interval of convergence then the approximation may not be valid
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@ Worked example
1
J9 - 3x

a) Write down the first three terms.

Consider the binomial expansion of

| n
Rewrite o33 in the form k(1 +30)

971 - 3)

s = (3-3%)°

3(1- %)

Il

Sulbstibmre. volues o the focmula for (1 +2)”

su-wt 3 D g

r 3
| b o o
= = =+ —+ ..
3|:H_6+ztf ]
LA g Bt o
3 8 32

| [ < xx*
J—— - + =X + X
J3-3x L 18 32

b) State the interval of convergence for the complete expansion.
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N>0 and n€IN, so the Series converges when |se]« |

il - it

5 L= %)

K__ ot -term
o

|--:'3—| <

|x] <3 = -3<x<3

Cowweraes for -3c=x<3

. Give your answer as a fraction.

Use the terms found in part (a) to estimate
10

| [
Find the value of = £or which Jﬁ. = .J%

9-3x =10

= =-5 “—

-3<2x<c3 so can
use bthe exponsion

g g |
Substibube x=-'_|§ tnto the expangion for -3

NGO

[
R — 1
-39 =3 %/ * 37

For more help, please visit www.exampaperspractice.co.uk
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