
1.6 Further Complex Numbers

AI HL



1.6.1 Geometry of Complex Numbers

Geometry of Complex Addition & Subtraction

What  does addit ion look like on an Arg and diag ram ?

In Cartesian fo rm two  co mplex numbers are added by adding the real and imaginary parts

When plo tted o n an Argand diagram the co mplex number z + z  is the lo nger diago nal o f the

parallelo gram with vertices at the o rigin, z , z and z + z

What  does subt ract ion look like on an Arg and diag ram ?

In Cartesian fo rm the di�erence o f two  co mplex numbers is fo und by subtracting the real and

imaginary parts

When plo tted o n an Argand diagram the co mplex number z - z  is the sho rter diago nal o f the

parallelo gram with vertices at the o rigin, z , - z and z - z

1  2

1 2 1  2

1  2

1 2 1  2

What  are t he g eom et rical represent at ions of  com plex addit ion and subt ract ion?

Let w be a given co mplex number with real part a and imaginary part b

w=a+bi
Let z be any co mplex number represented o n an Argand diagram

Adding w to  z results in z being:

Translated  by vecto r 

⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠

a
b

Subtracting w f ro m z results in z being:

Translated  by vecto r  ⎛⎜
⎜

⎝

⎞
⎟
⎟

⎠

−a
−b

Exam T ip

Take extra care when representing a subtractio n o f a co mplex number geo metrically

Remember that yo ur answer will be a translatio n o f the sho rter diago nal o f the

parallelo gram made up by the two  co mplex numbers
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Worked example

Co nsider the co mplex numbers z = 2 + 3i and z = 3 - 2i.  

On an Argand diagram represent the co mplex numbers z , z , z + z and z - z .

1 2

1 2 1  2 1  2 
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Geometry of Complex Multiplication & Division

What  do m ult iplicat ion and division look like on an Arg and diag ram ?

The geo metrical e�ect o f multiplying a co mplex number by a real number, a, will be an enlargement

o f the vecto r by scale facto r a

Fo r po sitive values o f a the directio n o f the vecto r will no t change but the distance o f the

po int fro m the o rigin will increase by scale facto r a

Fo r negative values o f a the directio n o f the vecto r will change and the distance o f the po int

fro m the o rigin will increase by scale facto r a

The geo metrical e�ect o f dividing a co mplex number by a real number, a, will be an enlargement o f

the vecto r by scale facto r 1/a

Fo r po sitive values o f a the directio n o f the vecto r will no t change but the distance o f the

po int fro m the o rigin will increase by scale facto r 1/a

Fo r negative values o f a the directio n o f the vecto r will change and the distance o f the po int

fro m the o rigin will increase by scale facto r 1/a

The geo metrical e�ect o f multiplying a co mplex number by i will be a ro tatio n o f the vecto r 90°

co unter-clo ckwise

i(x + yi) = -y + xi

The geo metrical e�ect o f multiplying a co mplex number by an imaginary number, ai, will be a

ro tatio n 90° co unter-clo ckwise and an enlargement by scale facto r a

ai(x + yi) = -ay + axi

The geo metrical e�ect o f multiplying o r dividing a co mplex number by a co mplex number will be

an enlargement and a ro tatio n

The directio n o f the vecto r will change

The angle o f ro tatio n is the argument

 The distance o f the po int fro m the o rigin will change

The scale facto r is the mo dulus

What  does com plex conjug at ion look like on an Arg and diag ram ?

The geo metrical e�ect o f plo tting a co mplex co njugate o n an Argand diagram is a re�ectio n in

the real axis

The real part o f the co mplex number will stay the same and the imaginary  part will change sign

Exam T ip

Make sure yo u remember the transfo rmatio ns that di�erent o peratio ns have o n co mplex

numbers, this co uld help yo u check yo ur calculatio ns in an exam
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Worked example

Co nsider the co mplex number z = 2 - i.

On an Argand diagram represent the co mplex numbers z , 3z , iz, z* and zz*.
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1.6.2 Forms of Complex Numbers

Modulus-Argument (Polar) Form

How do I writ e a com plex num ber in m odulus-arg um ent  (polar) f orm ?

The Cartesian f o rm o f a co mplex number, z=x+ iy , is written in terms o f its real part, x , and its

imaginary part, y
If we let r=|z|  and θ=arg z , then it is po ssible to  write a co mplex number in terms o f its

mo dulus, r , and its argument, θ , called the mo dulus-argument (po lar) f o rm, given by...

z= r ( )cos θ+ isin θ
This is o ften written as z = r cis θ
This is given in the fo rmula bo o k under Mo dulus-argument (po lar) fo rm and expo nential (Euler)

fo rm

It is usual to  give arguments in the range −π < θ ≤ π   o r  0 ≤ θ < 2π
Negative arguments sho uld be sho wn clearly

e.g. z=2⎛
⎜

⎝

⎞
⎟

⎠
cos ⎛

⎜

⎝

⎞
⎟

⎠
−
π
3 + isin ⎛

⎜

⎝

⎞
⎟

⎠
−
π
3 = 2 cis ⎛

⎜

⎝

⎞
⎟

⎠
−
π
3

witho ut simplifying cos(−
π
3 )   to  either cos⎛

⎜

⎝

⎞
⎟

⎠

π
3  o r 

1
2

The co mplex co njugate o f r cis θ is r cis (-θ )

If a co mplex number is given in the fo rm z= r ( )cos θ− isin θ , then it is no t in mo dulus-

argument (po lar) fo rm due to  the minus sign

It can be co nverted by co nsidering transfo rmatio ns o f trigo no metric functio ns

−sinθ = sin(−θ)  and cosθ = cos(−θ)

So   z= r ( )cosθ− isinθ = z= r ( )cos( )−θ + isin( )−θ = r cis ( )−θ
To  co nvert fro m mo dulus-argument (po lar) fo rm back to  Cartesian fo rm, evaluate the real and

imaginary parts

E.g. z=2⎛
⎜

⎝

⎞
⎟

⎠
cos⎛

⎜

⎝

⎞
⎟

⎠
−
π
3 + isin⎛

⎜

⎝

⎞
⎟

⎠
−
π
3  beco mes z=2

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

1
2 + i

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠
−

3
2 =1− 3 i

How do I m ult iply com plex num bers in m odulus-arg um ent  (polar) f orm ?

The main bene�t o f writing co mplex numbers in mo dulus-argument (po lar) fo rm is that they

multiply and divide very easily 

To  multiply  two  co mplex numbers in mo dulus-argument (po lar) fo rm we multiply their mo duli

and add their arguments
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z1z2 =










z1










z2
arg (z1z2)=arg z1+arg z2

So  if z  = r cis (θ ) and z  = r cis (θ )

z z = r r cis (θ  + θ )

So metimes the new argument, θ1+θ2 , do es no t lie in the range −π < θ ≤ π  (o r  

0 ≤ θ < 2π   if this is being used)

An o ut-o f-range argument can be adjusted by either adding o r subtracting 2π

E.g. If θ1=
2π
3  and θ2=

π
2   then  θ1+θ2 =

7π
6

This is currently no t in the range −π < θ ≤ π

Subtracting 2π fro m 
7π
6  to  give −

5π
6 , a new argument is fo rmed

 This lies in the co rrect range and represents the same angle o n an Argand diagram

The rules o f multiplying the mo duli and adding the arguments can also  be applied when…

…multiplying three co mplex numbers to gether, z1z2z3 , o r mo re

…�nding po wers o f a co mplex number (e.g. z2  can be written as zz )

The rules fo r multiplicatio n can be pro ved algebraically by multiplying z  = r cis (θ ) by z  = r cis (θ ),

expanding the brackets and using co mpo und angle fo rmulae

How do I divide com plex num bers in m odulus-arg um ent  (polar) f orm ?

To  divide  two  co mplex numbers in mo dulus-argument (po lar) fo rm, we divide their mo duli and

subtract their arguments









z1
z2

=











z1
|z2|

arg
⎛
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟

⎠

z1
z2

=arg z1−arg z2
So  if z  = r cis (θ ) and z  = r cis (θ ) then 

z1
z2
=

r1
r2
cis

( )
θ1−θ2

So metimes the new argument, θ1−θ2 , can lie o ut o f the range −π < θ ≤ π  (o r the range 

0 < θ ≤ 2π  if this is being used)

Yo u can add o r subtract 2π to  bring o ut-o f-range arguments back in range

1 1 1 2 2 2

1 2 1 2 1 2

1 1 1 2 2 2

1 1 1 2 2 2

The rules fo r divisio n can be pro ved algebraically by dividing z  = r cis (θ ) by z  = r cis (θ ) using

co mplex divisio n and the co mpo und angle fo rmulae

Exam T ip

Remember that r cis θ o nly refers to   

If yo u see a co mplex number written in the fo rm   then yo u will need

to  co nvert it to  the co rrect fo rm �rst

Make sure yo u are co n�dent with basic trig identities to  help yo u do  this

1 1 1 2 2 2
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a)

b)

Find 

z1
z2

, giving yo ur answer in the fo rm r ( )cosθ+ isinθ where −π≤θ <π

Worked example

Let z1=4 2 cis
3π
4  and z2= 8 ⎛

⎜

⎝

⎞
⎟

⎠
cos⎛

⎜

⎝

⎞
⎟

⎠

π
2 − isin⎛

⎜

⎝

⎞
⎟

⎠

π
2

Find z1z2 , giving yo ur answer in the fo rm r ( )cosθ+ isinθ where 0≤θ <2π

Page 7 of 13
For more help visit our website www.exampaperspractice.co.uk



Exponential (Euler's) Form

How do we writ e a com plex num ber in Euler's (exponent ial) f orm ?

A co mplex number can be written in Euler's fo rm as z= reiθ
This relates to  the mo dulus-argument (po lar) fo rm as z= reiθ= r cis θ
This sho ws a clear link between expo nential functio ns and trigo no metric functio ns

This is given in the fo rmula bo o klet under 'Mo dulus-argument (po lar) fo rm and expo nential

(Euler) fo rm'

The argument is no rmally given in the range 0 ≤ θ < 2π
Ho wever in expo nential fo rm o ther arguments can be used and the same co nventio n o f

adding o r subtracting 2π can be applied

How do we m ult iply and divide com plex num bers in Euler's f orm ?

Euler's fo rm allo ws fo r quick and easy multiplicatio n and divisio n o f co mplex numbers

If z1= r1e
iθ1 and z2= r2e

iθ2  then 

z1×z2= r1r2e
i

( )
θ1+θ2

Multiply the mo duli and add the arguments

z1
z2
=

r1
r2
ei ( )

θ1−θ2

Divide the mo duli and subtract the arguments

Using these rules makes multiplying and dividing mo re than two  co mplex numbers much easier

than in Cartesian fo rm

When a co mplex number is written in Euler's fo rm it is easy to  raise that co mplex number to  a

po wer

If z= reiθ ,  z2= r2e2iθ   and  zn= rneniθ

What  are som e com m on num bers in exponent ial f orm ?

As cos (2π)=1  and sin (2π)=0  yo u can write:

1=e2π i
Using the same idea yo u can write:

1=e0=e2π i=e4π i=e6π i=e2kπ i
where k is any integer

As cos( )π =−1 and sin(π)=0  yo u can write:

eπ i=−1
Or mo re co mmo nly written as eiπ+1=0
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This is kno wn as Euler's identity and is co nsidered by so me mathematicians as the mo st

beautiful equatio n

As cos⎛
⎜

⎝

⎞
⎟

⎠

π
2 =0  and sin⎛

⎜

⎝

⎞
⎟

⎠

π
2 =1  yo u can write:

i=e
π
2
i

Exam T ip

Euler's fo rm allo ws fo r easy manipulatio n o f co mplex numbers, in an exam it is o ften wo rth the

time co nverting a co mplex number into  Euler's fo rm if further calculatio ns need to  be carried

o ut

Familiarise yo urself with which calculatio ns are easier in which fo rm, fo r example

multiplicatio n and divisio n are easiest in Euler's fo rm but adding and subtracting are

easiest in Cartesian fo rm

Worked example

Co nsider the co mplex number z=2e
π
3
i

. Calculate z2  giving yo ur answer in the fo rm reiθ .
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Conversion of Forms

Convert ing f rom Cart esian f orm t o modulus-argument  (polar) f orm or exponent ial
(Euler's) f orm.

To  co nvert fro m Cartesian fo rm to  mo dulus-argument (po lar) fo rm o r expo nential (Euler) fo rm use 

r= 







z = x2+y2
and  

θ=argz
Convert ing f rom modulus-argument  (polar) f orm or exponent ial (Euler's) f orm t o

Cart esian f orm.

To  co nvert fro m mo dulus-argument (po lar) fo rm to  Cartesian fo rm

Write z = r (co sθ + isinθ ) as z = r co sθ + (r sinθ )i

Find the values o f the trigo no metric ratio s r sinθ and r co sθ
Yo u may need to  use yo ur kno wledge o f trig exact values

Rewrite as z = a + bi where

a = r co sθ and b = r sinθ
To  co nvert fro m expo nential (Euler’s) fo rm to  Cartesian fo rm �rst rewrite z = r e in the fo rm z = r

co sθ + (r sinθ)i and then fo llo w the steps abo ve

Exam T ip

When co nverting fro m Cartesian fo rm into  Po lar o r Euler's fo rm, always leave yo ur mo dulus

and argument as an exact value

Ro unding values to o  early may result in inaccuracies later o n

iθ
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a)

b)

Worked example

Two  co mplex numbers are given by z1=2+2i  and z2=3e
2π
3

i
.

Write z1  in the fo rm reiθ .

Write z2  in the fo rm r ( )cosθ+ isinθ  and then co nvert it to  Cartesian fo rm.
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1.6.3 Applications of Complex Numbers

Frequency & Phase of Trig Functions

How are com plex num bers and t rig  f unct ions relat ed?

A sinuso idal functio n is o f the fo rm a sin(bx + c)

a represents the amplitude

b represents the perio d (also  kno wn as frequency)

c represents the phase shif t

The functio n may be written a sin(bx + bc) = a sinb(x + c) where the phase shift is

represented by bc

This will be made clear in the exam

When written in mo dulus-argument fo rm the imaginary part o f a co mplex number relates o nly to

the sin part and the real part relates to  the co s  part

This means that the co mplex number can be rewritten in Euler's fo rm and relates to  the

sinuso idal functio ns as fo llo ws:

a sin(bx + c) = Im (ae )

a co s(bx + c) = Re (ae )

Co mplex numbers are particularly useful when wo rking with electrical currents o r vo ltages as

these fo llo w sinuso idal wave patterns

AC vo ltages may be given in the fo rm V = a sin(bt + c) o r V = a co s(bt + c)

How are com plex num bers used t o add t wo sinusoidal f unct ions?

Co mplex numbers can help to  add two  sinuso idal functio ns if they have the same f requency  but

di�erent amplitudes  and phase shif ts

e.g. 2sin(3x + 1) can be added to  3sin(3x - 5) but no t 2sin(5x + 1)

To  add asin(bx + c) to  dsin(bx + e)

o r aco s(bx + c) to  dco s(bx + e)

STEP 1: Co nsider the co mplex numbers z = ae and z = de

Then asin(bx + c) + dsin(bx + e) = Im (z  + z )

Or aco s(bx + c) + dco s(bx + e) = Re (z  + z )

STEP 2: Facto rise z  + z = ae + de  = e (ae + de )

STEP 3: Co nvert ae + de into  a single co mplex number in expo nential fo rm

Yo u may need to  co nvert it into  Cartesian fo rm �rst, simplify and then co nvert back into

expo nential fo rm

Yo ur GDC will be able to  do  this quickly

STEP 4: Simplify the who le term and use the rules o f indices to  co llect the po wers

STEP 5: Co nvert into  po lar fo rm and take...

o nly the imaginary part fo r sin

i (bx + c)

i (bx + c)

1
i (bx + c)

2
i (bx + e)

1 2

1 2

1 2 
i (bx + c) i (bx + e) i bx ci  ei

ci  ei   

o r o nly the real part fo r co s

Exam T ip

An exam questio n invo lving applicatio ns o f co mplex numbers will o ften be made up o f

vario us parts which build o n each o ther

Remember to  lo o k back at yo ur answers fro m previo us questio n parts to  see if they can

help yo u, especially when lo o king to  co nvert fro m Euler's fo rm to  a sinuso idal graph fo rm  
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Worked example

Two  AC vo ltage so urces are co nnected in a circuit.  If V1=20sin ( )30t and 

V2=30sin(30t+5)  �nd an expressio n fo r the to tal vo ltage in the fo rm V=Asin( )30t+B
.                      
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