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1.6  Binomial  Theorem



1.6.1 Binomial Theorem

Binomial Theorem

What  is t he Binom ial T heorem ?

The bino mial theo rem (so metimes kno wn as the bino mial expansio n) gives a metho d fo r

expanding a two -term expressio n in a bracket raised to  a po wer

A bino mial expressio n is in fact any two  terms inside the bracket, ho wever in IB the

expressio n will usually be linear

To  expand a bracket with a two -term expressio n in:

First cho o se the mo st appro priate parts o f the expressio n to  assign to  a and b

Then use the fo rmula fo r the bino mial theo rem:

( )a+b n=an+ nC1 an−1 b + … + nCr a n−r b r + … + bn

where  
n Cr=

n!
r!( )n− r !

See belo w fo r mo re info rmatio n o n 
n Cr

Yo u may also  see 
n Cr  written as 

⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠

n
r  o r  n Cr

Yo u will usually be asked to  �nd the �rst three o r fo ur terms o f an expansio n

Lo o k o ut fo r whether yo u sho uld give yo ur answer in ascending o r descending po wers o f x

Fo r ascending po wers start with the co nstant term, a

Fo r descending po wers start with the term with x in

Yo u may wish to  swap a and b o ver so  that yo u can fo llo w the general fo rmula given in the

fo rmula bo o k

If yo u are no t writing the full expansio n yo u can either

sho w that the sequence co ntinues by putting an ellipsis (…) after yo ur �nal term

o r sho w that the terms yo u have fo und are an appro ximatio n o f the full sequence by using the

sign fo r appro ximately equals to  (≈)

How do I �nd t he coe�cient  of  a sing le t erm ?

Mo st o f the time yo u will be asked to  �nd the co e�cient o f a term, rather than carry o ut the who le

expansio n

Use the fo rmula fo r the general term

n
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nCr an−r br

The questio n will give yo u the po wer o f x o f the term yo u are lo o king fo r

Use this to  cho o se which value o f r  yo u will need to  use in the fo rmula

This will depend o n where the x is in the bracket

The laws o f indices can help yo u decide which value o f r  to  use:

Fo r (a + bx)
n to  �nd the co e�cient o f x r use an−r

(bx)
r

Fo r (a + bx2
)
n  to  �nd the co e�cient o f x r use a

n − r
2

(bx2
)

r
2

Fo r (a +
b
x )

n
 lo o k at ho w the po wers will cancel o ut to  decide which value o f r  to  use

So  fo r 
⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠
3x +

2
x

8
 to  �nd the co e�cient o f x2  use the term with r = 3  and to  �nd the

co nstant term use the term with r = 4
There are a lo t o f variatio ns o f this so  it is usually easier to  see this by inspectio n o f the

expo nents

Yo u may also  be given the co e�cient o f a particular term and asked to  �nd an unkno wn in the

brackets

Use the laws o f indices to  cho o se the co rrect term and then use the bino mial theo rem

fo rmula to  fo rm and so lve and equatio n

Exam T ip

Bino mial expansio n questio ns can get messy, use separate lines to  keep yo ur wo rking clear

and always put terms in brackets

Worked example

Find the �rst three terms, in ascending po wers o f x , in the expansio n o f (3−2x)
5 .
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The Binomial Coe�cient nCr

What  is 
nCr?

If we want to  �nd the number o f ways to  cho o se r items o ut o f n di�erent o bjects we can use the

fo rmula fo r 
n Cr

The fo rmula fo r r co mbinatio ns  o f n items is 
n Cr=

n!
r!( )n− r !

This fo rmula is given in the fo rmula bo o klet alo ng with the fo rmula fo r the bino mial theo rem

The functio n 
n Cr  can be written ⎛⎜

⎜

⎝

⎞
⎟
⎟

⎠

n
r

 o r nCr  and is o ften read as ‘n choose r’

Make sure yo u can �nd and use the butto n o n yo ur GDC

How does 
nCr  relat e t o t he binom ial t heorem ?

The fo rmula  
n Cr=

n!
r!( )n− r !  is also  kno wn as a bino mial co e�cient

Fo r a bino mial expansio n (a + b)
n the co e�cients o f each term will be 

n C0 , 
n C1  and so  o n up

to  
n Cn

The co e�cient o f the rth term will be 
n Cr

n Cn =
nC0 = 1

The bino mial co e�cients are symmetrical, so  
n Cr =

n Cn − r

This can be seen by co nsidering the fo rmula fo r 
n Cr

n Cn−r=
n!

(n− r) !( )n− (n− r) ! =
n!

r!( )n− r ! = nCr

Exam T ip

Yo u will mo st likely need to  use the fo rmula fo r nCr at so me po int in yo ur exam

Practice using it and do n't always rely o n yo ur GDC 

Make sure yo u can �nd it easily in the fo rmula bo o klet
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Worked example

Witho ut using a calculato r, �nd the co e�cient o f the term in x3  in the expansio n o f (1 + x)
9 .
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Pascal's Triangle

What  is Pascal’s Triang le?

Pascal’s triangle is a way o f arranging the bino mial co e�cients and neatly sho ws ho w they are

fo rmed

Each term is fo rmed by adding the two  terms abo ve it

The �rst ro w has just the number 1

Each ro w begins and ends with a number 1

Fro m the third ro w the terms in between the 1s are the sum o f the two  terms abo ve it

How does Pascal’s Triang le relat e t o t he binom ial t heorem ?

Pascal’s triangle is an alternative way o f �nding the bino mial co e�cients, 
n Cr

It can be useful fo r �nding fo r smaller values o f n  witho ut a calculato r

Ho wever fo r larger values o f n  it is slo w and pro ne to  arithmetic erro rs

Taking the �rst ro w as z ero , (

0C0 = 1) , each ro w co rrespo nds to  the n th ro w and the term

within that ro w co rrespo nds to  the rth term

Exam T ip

In the no n-calculato r exam Pascal's triangle can be helpful if yo u need to  get the co e�cients

o f an expansio n quickly, pro vided the value o f n is no t to o  big 
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Worked example

Write o ut the 7  ro w o f Pascal’s triangle and use it to  �nd the value o f  
6 C4 .th
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1.6.2 Extension of The Binomial Theorem

Binomial Theorem: Fractional & Negative Indices

How do I use t he binom ial t heorem  f or f ract ional and neg at ive indices?

The fo rmula given in the fo rmula bo o klet fo r the bino mial theo rem applies to  po sitive integers

o nly

( )a+b n=an+ n C1an−1b+…+n Cra
n−rb r+…+bn

where n Cr=
n!

r!( )n− r !
Fo r negative  o r f ractio nal po wers  the expressio n in the brackets must �rst be changed such that

the value fo r a is 1

( )a+b n=an ⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠
1+

b
a

n

( )a+b n=an ⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠
1+n

⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠

b
a +

n (n−1)

2!
⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠

b
a

2
+ . . . , n∈ℚ

This is given in the f o rmula bo o klet

If a = 1 and b = x the bino mial theo rem is simpli�ed to

( )1+x n=1+nx+
n ( )n−1

2! x2+
n ( )n−1 ( )n−2

3! x3+…, n∈ℚ ,   







x <1

This is no t  in the fo rmula bo o klet, yo u must remember it o r be able to  derive it fro m the

fo rmula given

Yo u need to  be able to  reco gnise a negative o r fractio nal po wer

The expressio n may be o n the deno minato r o f a fractio n

1
( )a+b n = ( )a+b −n

Or written as a surd

n
( )a+b m = ( )a+b

m
n

Fo r n ∉ ℕ the expansio n is in�nitely lo ng

Yo u will usually be asked to  �nd the �rst three terms

The expansio n is o nly valid fo r 








x <1
This means −1<x<1
This is kno wn as the interval o f  co nvergence
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Fo r an expansio n ( )a + bx n  the interval o f co nvergence wo uld be −
a
b <x<

a
b

How do we use t he binom ial t heorem  t o est im at e a value?

The bino mial expansio n can be used to  fo rm an appro ximatio n fo r a value raised to  a po wer

Since 








x <1  higher po wers o f x will be very small

Usually o nly the �rst three o r fo ur terms are needed to  fo rm an appro ximatio n

The mo re terms used the clo ser the appro ximatio n is to  the true value

The fo llo wing steps may help yo u use the bino mial expansio n to  appro ximate a value

STEP 1: Co mpare the value yo u are appro ximating to  the expressio n being expanded

e.g.  (1 − x)

1
2 = 0 .96

1
2

STEP 2: Find the value o f x by so lving the appro priate equatio n

e.g.  1 − x = 0 .96
x = 0 .04

STEP 3: Substitute this value o f x into  the expansio n to  �nd the appro ximatio n

e.g.  1−
1
2 ( )0.04 −

1
8 ( )0.04 2=0.9798

Check that the value o f x is within the interval o f  co nvergence fo r the expressio n

If x is o utside the interval o f co nvergence then the appro ximatio n may no t be valid

Exam T ip

Students o ften struggle with the extensio n o f the bino mial theo rem questio ns in the exam,

ho wever the fo rmula is given in the fo rmula bo o klet 

Make sure yo u can lo cate the fo rmula easily and practice substituting values in

Mistakes are o ften made with negative numbers o r by fo rgetting to  use brackets pro perly

Writing o ne term per line can help with bo th o f these
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a)

b)

Worked example

Co nsider the bino mial expansio n o f  
1

9 − 3x
.

Write do wn the �rst three terms.

State the interval o f co nvergence fo r the co mplete expansio n.
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c)
Use the terms fo und in part (a) to  estimate 

1

10
 . Give yo ur answer as a fractio n.
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