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1.6.1Binomial Theorem

Binomial Theorem
Whatis the BinomialTheorem?

= The binomialtheorem (sometimes known as the binomial expansion) gives amethod for
expandingatwo-termexpressioninabracketraised to apower
= Abinomialexpressionisinfactanytwo termsinside the bracket,howeverinIB the
expressionwillusually be linear
= To expand abracketwithatwo-termexpressionin:
= Firstchoose the mostappropriate parts of the expressionto assignto aand b
= Thenuse the formulaforthe binomial theorem:

(a+b)r=an+ °C 2" 'b+ .. +"Ca"Th T+ 4D

n 1!
= where CI‘_ I'!(]]—I‘)!

n . n
= Seebelowformoreinformationon Cr

d

n .
» Youmayalsosee C writtenas (I./or C
r n r

= Youwillusuallybe asked to find the first three orfourterms of anexpansion
= |lookoutforwhetheryoushould give youranswerinascending ordescending powers of x
= Forascendingpowers start withthe constantterm, a”
= Fordescending powers start with the term with xin
= Youmaywishto swap aand boverso thatyoucanfollow the general formula givenin the
formulabook
= |f youare notwritingthe fullexpansionyoucaneither
= showthatthe sequence continues by puttinganellipsis (..) afteryourfinal term
= orshowthatthe terms youhave found are anapproximation of the fullsequence byusing the
signforapproximatelyequals to (=)

Howdo I find the coefficient of asingleterm?

= Mostofthetime youwillbe asked to find the coefficient of aterm,ratherthan carryout the whole
expansion
= Use the formulaforthe generalterm
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= The questionwill give youthe powerof xof the termyouarelookingfor
= Use thisto choose whichvalue of ryouwillneed to useinthe formula
= This willdepend onwhere the xisinthe bracket
= Thelaws ofindices canhelpyoudecide whichvalue of rto use:

. For(a + bX)” to find the coefficient of X use 4" —r(bX)r
n—r

r
. For(a + sz)”toﬁndthecoefﬁcientoeruse a 2 (bX2)2
b.n

= For(a + —) look athow the powers willcancelout to decide whichvalue of 'to use
X

2\8
= Sofor(3X + ; to find thecoef'ﬁc:ientofX2 use the termwith I = 3 and to find the

constanttermuse the termwith r = 4
= There are alotofvariations of this so itis usuallyeasierto see this byinspectionofthe
exponents
= Youmayalso be giventhe coefficient of aparticulartermand asked to find anunknownin the
brackets
= Usethelaws ofindicesto choose the correcttermand thenuse the binomialtheorem
formulato formand solve and equation

O Exam Tip

= Binomial expansionquestions canget messy, use separate lines to keep yourworking clear
and always put terms in brackets

@ Worked example

Find the first three terms,inascending powers of X, inthe expansion of(3 - 2X)5.
o=3 b=-2x n=9
Sulsstitre. volues o the focenla ov (a4 b)”
(040 =0« "c ol o+ = e o™ % 40"
Question oske e asce\'\o\(na powers of 26 so start Wikh
the constont teem, ol
(3 —2)® =35 + 5¢, (3)°7'(-2x) + 5¢, (3)° 7 (-220)" +...

k. ouk
\éi?tmu ~ 243 + B xJlx-2x + IOxZ-’,‘-xq—:r,?'
ne,so&‘we

~ 243 — R10x + |080 x*

(3 -2x)° ~ 243 — 810x + 1080 x*
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The Binomial Coefficient nCr

What is nCr?

= |fwe wantto find the numberofways to choose ritems out of ndifferent objects we canuse the

n
formulafor Cr

n!
= Theformulaforrcombinations of nitems isHC = —
r rl(n-r1)!

= Thisformulais giveninthe formulabooklet alongwiththe formula forthe binomialtheorem
n
= The function Crcanbewritten(n

r
= Make sure youcanfind and use the buttononyourGDC

) or nCrand isoftenread as ‘nchooser’

n
Howdoes Cr relateto the binomialtheorem?

n!

n — . - . 0
= The formula Cr— is also known as abinomial coefficient

r'(n—1)!
= Fora binomialexpansion(& + b)” the coefficients ofeachtermwillbenCO,HC1 and soonup
to"C
n
= Thec:oef'ﬁcientoftheI‘thtermwillbencr

n _n B
. CH— Co—l

. . . . n — n
= The binomial coefficients are symmetrical, so Cr = Cn —,

= Thiscanbe seenbyconsideringthe formulaforHCr

H n! n!
) CH—T_ (n=0'(n-(n-1)! B r'(n—r1)! B HCF

O ExamTip

= Youwillmostlikelyneed to use the formulafornCrat some pointinyourexam
= Practiceusingitand don'talways relyonyourGDC
= Make sure youcanfinditeasilyinthe formulabooklet
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@ Worked example

Without using acalculator, find the coefficient of the termin X° inthe expansionof(l + X)9.

n = q P 0\ - I , \o = OC
Substitute values into the formula for the binomial theorem :

n
(o) =00+ .. + Ceo " p 4.+ 1"
o) n

where Ce = ' (n-0)"

. - Coefficieny of
q-
(1 -«-SJC>q = ch (1) ‘ (‘.I.)r x> occurs
r=0 Y
when =3,

=3 S]ves qce, * U)q—a(m>3

n
Non -calcuwlokor, 20 wock 66Uk Ce Ses\:o\m’te_hd .

qC, = 9! — AxBxZxhr FrHfxFx2Z
37 31(9-3)"  (3x2)(£* B4 xZx2)
L9AxBx7 =34
6

50 the term when r=3 s 8% x (1)%x x*
= 84-3(.3

"Coetticient of =3 = @4
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Pascal's Triangle
Whatis Pascal’s Triangle?

= Pascal’s triangle is awayof arranging the binomial coefficients and neatly shows how theyare
formed
= Eachtermisformed byaddingthe two terms above it
= The firstrow has justthe number]
= Eachrow begins and ends withanumber]
= Fromthe third row the terms inbetween the Is are the sum of the two terms above it

HowdoesPascal’s Trianglerelateto thebinomialtheorem?
n
= Pascal’s triangle is an alternative way of finding the binomial coefficients, Cr

= |tcanbeusefulforfindingforsmallervalues of N without acalculator
= Howeverforlargervalues of Nitis slow and prone to arithmetic errors

nth

0
] Takingtheﬁrstrowaszero,( CO = 1),eachrowcorrespondstothe row and the term

withinthatrow corresponds to the rth term

O Exam Tip

= |nthe non-calculatorexamPascal's triangle can be helpful if youneed to get the coefficients
of anexpansion quickly, provided the value of nis nottoo big
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@ Worked example

Write out the 7throw of Pascal’s triangle and use it to find the value of 6 C4.

7 vow of  Yoscols Tﬂb"ﬁ\e’:

oc,
| ‘/
Co | ‘/'Cn
| 2 |
3 3 |
N

| 5 10 10 5) J
N NN
" o = | b IS 20 18 6 |

/ A\

6Co 6C4_
" vow of Toscals Taargle: 1,6,15,20,15,6, |

AC(', = IS5
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1.6.2 Extension of The Binomial Theorem

Binomial Theorem: Fractional & Negative Indices
Howdo lusethebinomialtheorem forfractionaland negativeindices?

= Theformulagiveninthe formulabooklet forthe binomialtheorem applies to positive integers
only

« (a+b)r=ar+ ”Claﬂ‘1b+...+HCra”‘fbf+...+b"

n!
" n =
where Cr 1‘!(11 _ I')!

= Fornegative orfractionalpowers the expressioninthe brackets must first be changed suchthat
the value forais 1

. (a+b)“=aﬂ(1+§ )H

b n(n—1) (b Y \
. (a+b)”=a"(1+n(—\ +——|—1| +.. |,n€Q
\o\a) 2! \a) )
= Thisis giveninthe formulabooklet
= |f a=1and b=xthe binomialtheoremis simplified to
n(n—1) n(n—=1)(n-2)

« (1+x)7=1+nx+ 5 X2+ Y X3+., n€Q, |x|<1

= Thisisnotinthe formulabooklet,youmustrememberitorbe able to derive it fromthe
formula given
= Youneedto be abletorecognise anegative orfractionalpower
= The expressionmaybe onthe denominatorofafraction

N S
" (atb)

= Orwrittenas asurd

- Y(a+b)m=(a+b)"

= Forn §£ N the expansionis infinitelylong
= Youwillusuallybe asked to find the first three terms

=(a+b)n

= The expansionis onlyvalid for IXI <1
= Thismeans —1 <x<1
= Thisis knownas theintervalof convergence
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a a
= Foran expansion(a + bX)H the interval of convergence wouldbe —— <x < —

b b

Howdo weusethebinomialtheoremto estimate avalue?

= The binomial expansioncanbe used to formanapproximationforavalue raised to apower
= Since |X| <1 higherpowers of xwill be very small

= Usuallyonlythe first three orfourterms are needed to forman approximation

= The more terms used the closerthe approximationis to the true value
= The followingsteps mayhelpyouuse the binomial expansionto approximate avalue

= STEPT:Compare the value you are approximating to the expressionbeing expanded
1 1

- eg. (1 = x)2 =0.962
= STEP 2:Find the value of xbysolving the appropriate equation

*eg ]l —x=0.96
x = 0.04

= STEP 3:Substitute this value of xinto the expansionto find the approximation

1 1
“eg - 5(0.04) -3 (0.04)2=0.9798

= Checkthatthe value of xis within the intervalof convergence forthe expression
= |f xis outside the interval of convergence thenthe approximationmaynot be valid

O Exam Tip

= Students oftenstruggle withthe extension of the binomialtheorem questionsinthe exam,
howeverthe formulais givenin the formulabooklet
= Make sureyoucanlocate the formulaeasilyand practice substitutingvaluesin
= Mistakes are oftenmade with negative numbers orbyforgettingto use brackets properly
= Writingone termperline canhelpwithboth of these
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@ Worked example
1

Considerthe binomial expansionof .
9 - 3x

a) Write downthe first three terms.

| n
Rewrike q-3% 0 the foren k(1 +%)

s - ()" = 90- 2T
- s0-%7

Sulostitute. volues o the Loconla fov (1 +=2)"

Su-3 g[w(--;-)(-) LD 2y, ]

L

x_

X =
+ —_—t =
18

wl-

9-3x

b) State theinterval of convergence forthe complete expansion.

N=0"and n€IN, so the Series converges when || < |
i =i
3(1-3%)

'Q_/:X- term

€
|—-§| < |

|| <3 = -3<x<3

Covwerses for -3cx<3
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Use the terms found in part (a) to estimate .Give youransweras afraction.

10

Find the value of = for which ‘1——31 = Tio

=St -3<>x<c3 so can

[}
=-3 < use the exponsion
. | . . —I
Substibube x=-3 ctato the expansion for 9-3x

= 1 [y F)
-3z =3 ° \_8) Ty
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