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1.5.1Intro to Complex Numbers

Cartesian Form

What is animaginary number?

= Upuntilnow, when we have encountered an equation such as x2 = — 1 wewould have stated that
there are “noreal solutions”

= Thesolutionsare X = ./ — 1 which are not real numbers

= Tosolve thisissue, mathematicians have defined one of the square roots of negative one as 1;an
imaginary number

= The square roots of other negative numbers can be found by rewriting them as a multiple of 4/ — 1

= using/ ab =\/ZX\/3

What is a complex number?

= Complexnumbers have both areal part and animaginary part
= Forexample: 3 + 41
= Therealpartis 3 andtheimaginary partis 4
= Note that the imaginary part does notinclude the T
= Complexnumbers are often denoted by Z
= Wereferto therealandimaginary parts respectively using Re(Z)and Im(z)
= Two complexnumbers are equalif, and only if, both the real and imaginary parts are identical.
= Forexample, 3 + 21 and 3 + 31 are not equal

= Theset of allcomplex numbersis given the symbol C
What is Cartesian Form?

= There are anumber of different forms that complex numbers can be writtenin
= Theformz=a+biis known as Cartesian Form

= abelR
= Thisis the first form givenin the formula booklet
= |ngeneral,forz=a+bi
= Re(z)=a
= Im@2)=b
= Acomplexnumbercanbe easily represented geometrically whenitisin Cartesian Form
Your GDC may call this rectangular form
= Whenyour GDC is setinrectangular settings it will give answersin Cartesian Form
= |fyour GDCis notsetinacomplex mode it will not give any outputin complex number form
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= Make sure you can find the settings for using complex numbers in Cartesian Form and practice
inputting problems

= Cartesian formis the easiest form foradding and subtracting complex numbers

@ Worked example

a) Solve the equation x2=-9

A= -9
=3
USin3%=EXJE x=*[9 -1

x=1X3

b) Solve the equation (X + 7)2 = —16, giving your answers in Cartesian form.

(x+3)" =-16

x + ¢ =i_m

x+7 fmﬁ

x+? =t 4 "\Usm%@=ﬁ*m

Rearraﬂﬁe_ onswer ko Covtecion
form:

X =-F*T4
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Complex Addition, Subtraction & Multiplication
How do | add and subtract complex numbers in Cartesian Form?

= Addingand subtracting complex numbers should be done when they are in Cartesian form
= Whenadding and subtracting complex numbers, simplify the real and imaginary parts separately
= Justlike youwould when collecting like terms in algebra and surds, or dealing with different
componentsinvectors

« (a+bi)+(c+di)=(a+c)+(b+d)i
« (a+bi)=(c+di)=(a—c)+(b-d)i

How do I multiply complex numbers in Cartesian Form?

= Complexnumbers can be multiplied by a constantin the same way as algebraic expressions:
- k(a+ bi)=ka+ kbi
= Multiplying two complex numbers in Cartesian formis done in the same way as multiplying two linear
expressions:
« (a+bi)(c+di)=ac+ (ad+ be)i+ bdi2= ac+ (ad+ bc)i — bd
= Thisisacomplexnumberwithreal part ac — bd and imaginary part ad+ bc
= The mostimportant thing when multiplying complex numbers is that
- i2=-1
= Your GDC will be able to multiply complex numbersin Cartesian form
= Practise doing this and use it to check your answers
= |tiseasytosee that multiplying more than two complex numbers togetherin Cartesian form becomes
alengthy process prone to errors

= |tiseasier to multiply complex numbers when they are in different forms and usually it makes sense
to convert them from Cartesian form to either Polar form or Euler’s form first

= Sometimeswhen a question describes multiple complex numbers, the notation Zl’ ZZ’ ... isusedto

represent each complex number

How do | deal with higher powers of i?

» Becausei?= — | thiscanleadto some interesting results for higher powers of i
» P=i2xi= —i
C#=(P)2=(-1)2=1
- 5=(i2)2 xi=i
C=(@P=(-1p= -1
= We canuse this same approach of using i2 to deal with much higher powers
C B =) xi=(-D1 xi= —i
= Justrememberthat -1raised to aneven poweris1andraised toanodd poweris -1


https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

@ Worked example

a)  Simplify the expression 2(8 — 61) — 5(3 + 41).
Expand the brockets
fo-2)-503+40) - 16 - 124 - 15 -20%
Colleck the .QQL and imaginary parts
[6=18 ~ [t~ Z0x
Simpify

| - 32

b) Given two complex numbers Z1 =3+4iand 22 =6+ 71, find Z1 X Z2'

Expand the brockets
(3m.;) = |8 +21L + 240 + 281"
S
= I8 + 21 + 261 +(28)(-")
Llsins S
Colleck the real and imch(m«:j poﬁs

I8 + 21 + 241 - 28 = 18-28 + (21 +24)
Simp\i@ta

-lo+45¢
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Complex Conjugation & Division

When dividing complex numbers, the complex conjugate is used to change the denominator to areal
number.

What is a complex conjugate?

= ForagivencomplexnumberZz=a+ bi, the complex conjugate of Z is denoted as Z*,where
z*=a-bi
« fz=a—bithenz"=a+ bi
= You will find that:
» z+7%0s always real because (3 + bi) + (a - bi) =2a
« Forexample: (6 +5i) + (6—=5i) = 6+6+5i—5i = 12
» 72— Z"0s always imaginary because (a + bi) - (a - bi) =2bi
« Forexample: (6 +5i) — (6—=5i) = 6—-6+5i—(—5i) = 10i
» zX z" isalwaysreal because (3 + bi)(a - bi) = a2+ abi— abi — b%12= a2 + b2 (s
i2=-1)
= Forexample: (6 +5i)(6 — 5i) = 36 +30i — 30i —25i2 = 36 — 25(—1) = 61

How do I divide complex numbers?

= Todivide two complex numbers:
= STEPT: Express the calculation in the form of a fraction
= STEP 2: Multiply the top and bottom by the conjugate of the denominator:
at+bi a+bi c—di
c+di  c+di = c-di
= This ensures we are multiplying by 1; so not affecting the overall value
= STEP 3: Multiply out and simplify your answer
= This should have areal number as the denominator
= STEP 4: Write your answerin Cartesian form as two terms, simplifying each termif needed
= ORconvertinto therequired formif needed
= Your GDC will be able to divide two complex numbers in Cartesian form
= Practise doing thisand use it to check your answersif you can
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@ Worked example

Find the value of (1 + 7i) - (3 - i).

Rewrite as a frockion: | + %t
3

- complex corgusm?,t
R—of 3-L s B+L

MuLbi9\5 top ond bottom of the frackion |mj
the complex conjugoke of the denominator.

L+, 3+L o (1+30)(3+1)
= 341 (3-0)(3+0)
=
S+ L+ 2L+
Q +3(-3L~-L"

‘-ﬂ\g immsiﬁwr:j Pnk,s
eliminake eoch othecr

3+221 +(-?)
9o )
Simp\i{-‘s = =b +22¢
10

Weire in Cortesion = -4 +22¢

form 1o o
-2 .0 Simpti(-‘-j final onswer.
S 5

For more help, please visit www.exampaperspractice.co.uk
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1.5.2 Modulus & Argument

Modulus & Argument
How do | find the modulus of a complex number?

= The modulus of acomplex numberisits distance from the origin when plotted on an Argand diagram
= The modulus of Ziswritten |Z|
w fz=x+ iy, then we can use Pythagoras to show...

2l =yx2 2

= Amodulusis never negative
What features should | know about the modulus of a complex number?

= the modulusisrelatedto the complex conjugate by...
« 22" =7"z2=|z|?
= Thisisbecause zz" = (X + iy)(X - iy) =x2+ y2
. + b= +
Ingeneral, |Z1 Zz| |Z1 | |ZZ|

= e.g.both z, = 3 +4iand z,= - 3 + 41 have amodulus of 5, but Z, + z, simplifies to 8i

which has a modulus of 8

How do | find the argument of a complex number?

= The argument of acomplex numberis the angle that it makes on an Argand diagram
= The angle must be taken from the positive real axis
= The angle must be in a counter-clockwise direction
= Arguments are measured inradians
= Theycanbe givenexactinterms of TU
= Theargumentof Ziswrittenarg z
= Arguments can be calculated using right-angled trigonometry
= Thisinvolves using the tanratio plus a sketch to decide whetheritis positive/negative and
acute/obtuse
What features should | know about the argument of a complex number?

= Argumentsareusually givenintherange =TT < arg z < T
= Negative arguments are for complex numbersin the third and fourth quadrants
= Occasionally you could be asked to give argumentsin the rangeO <arg z < 27
= The question will make it clear which range to use

= Theargument of zero, arg 0 isundefined (no angle canbe drawn)
What are the rules for moduli and arguments under multiplication and division?

= Whentwo complexnumbers, Z. and Z_, are multiplied to give Z_ Z_, theirmodauli are also multiplied

1 2 172
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*|2a|= |4l 2
Zl

and Z_, are divided to give —, their moduli are also divided

= Whentwo complex numbers,Z1 5
2

= \Whentwo complex numbers, Z1 and 22 , are multiplied to give Z1

- arg (z,z,)=arg z +arg z,

22 , theirarguments are added

Z

and Z_, aredivided to give —, theirarguments are subtracted
VA

= Whentwo complex numbers,Z1 )
2
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@ Worked example

a) Find the modulus and argument of Z=2 + 31

|E|=,I21'\'31 =Ji—3
Drow o sketeh +o help £find the o\rsume.r\tr

Im
A=
3 A x 2 +3i

The aiaumeyd:, s I e =+o.n_‘(%)
the joounber-  — ki - 0982%...
clockwise cmdie N l
token Lrom the :J z > Re.
positive x-oxis

A

Modz = |zl = J13
argz = © = 09383 (3sf)

b) Find the modulus and argumentof W= — 1- A/ 31


https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

=]
F

XAM PAPERS PRACTICE

lwl = Jenr+@B) =&
T If te arsumenl; is

G -9/ »Re. Mensured docl::.‘:uiae
wa w from the positive
x-oxms then v will

Find this B
w&te fiest

and Subkrock 3
trom TC.

! be neﬂon&" Ve,

ok ='hm-‘($) =o' (J3) = l;:

=T -% =2
e 3 =

Mod= = |2] = 2

argz = -6 =-Z%

For more help, please visit www.exampaperspractice.co.uk
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1.5.3 Introduction to Argand Diagrams

Argand Diagrams

What is the complex plane?

= The complexplane, sometimes also known as the Argand plane, is a two-dimensional plane on which
complex numbers can be represented geometrically

Itis similar to a two-dimensional Cartesian coordinate grid

= The x-axisis known as the real axis (Re)

The y-axis is known as the imaginary axis (Im)

= The complex plane emphasises the fact that a complexnumberis two dimensional
= j.eithastwo parts, arealandimaginary part

= Whereas areal number only has one dimensionrepresented on a numberline (the x-axis only)

What is an Argand diagram?

= AnArgand diagramis a geometrical representation of complex numbers on a complex plane
= Acomplexnumbercanberepresented as eithera point oravector
= The complexnumberx + yiis represented by the point with cartesian coordinate (x, y)
= Thereal partisrepresented by the point on the real (x-) axis
= Theimaginary partisrepresented by the point on the imaginary (y-) axis
Complexnumbers are oftenrepresented as vectors
= Aline segmentis drawn from the origin to the cartesian coordinate point
= Anarrowis addedinthe direction away from the origin
= This allows for geometrical representations of complex numbers
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@ Worked example

a) Plot the complexnumbers z; =2 + 2i and z, = 3 - 4ias points on an Argand diagram.

Lokel ‘the Ilmasina.rb oxis |Im

Im
M
2 2+21
/LobeL the veall
oxis R@.
5 >Re
-& 3 =

You only rneed bo lobel bthe importonk poinks on the oxes.

b) Write down the complex numbers represented by the points Aand B on the Argand diagram
below.

A: I+3i‘
B: -2 -
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Complex Roots of Quadratics

What are complex roots?

= A quadratic equation can either have two real roots (zeros), arepeatedreal root ornoreal roots
= Thisdepends onthelocation of the graph of the quadratic with respect to the x-axis

= |f aquadratic equation has noreal roots we would previously have stated that it has no real solutions
= The quadratic equation will have a negative discriminant
= This means taking the square root of a negative number

= Complexnumbers provide solutions for quadratic equations that have no real roots

How do we solve a quadratic equation when it has complex roots?

» |f aquadratic equation takes the form ax? + bx + ¢ = O it can be solved by either using the quadratic
formula or completing the square
* |faquadratic equation takes the form ax? + b = O it can be solved by rearranging
= Thepropertyi=v-lisused
- J-a=Jax-1=Jax /-1
= |f the coefficients of the quadratic are real then the complexroots will occurin complex conjugate
pairs
s |fz=p+qi(g#0)isarootofaquadratic withreal coefficients thenz* = p - giisalso aroot
= Thereal part of the solutions will have the same value as the x coordinate of the turning point on the
graph of the quadratic
= Whenthe coefficients of the quadratic equation are non-real, the solutions will not be complex
conjugates
= Tosolve these you can use the quadratic formula

How do we factorise a quadratic equationif it has complex roots?

= [f we are given a quadratic equationinthe formaz? + bz+c =0, where a, b, andc e R, a# O we can use its
complexroots towrite it in factorised form
= Use the quadratic formula to find the tworoots,z=p+qgiandz*=p - qi
= Thismeansthatz-(p +gi)andz - (p - gi) must both be factors of the quadratic equation
= Therefore we canwrite azZ+bz+c=a(z- (p+qgi))z-(p-qi)
= Thiscanberearrangedinto the forma(z-p - qi)(z- p + gi)
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@ Worked example

Solve the quadratic equationz -2z+5=0andhence, factorisez -2z+5.

Use the quadm\:ic focrmula or ComPig\'j\f\a the
S%U\O\re 1o find the solutions.

|

2
5

Solutions of a quadratic ! brte=0 _—btJb —dac
equaﬂm ax” +ox+c= = 1—72'2 s

#0

2+ -1
2
RS TAE]
7

O
z

no o
mon n

2 -~ £ )(-2)-4()(s)
2(1)

er-\‘l'?.; 'i.'.:,=|-z.l

f the solutions are Z,21421 and 2, =1-%

thea bthe foctors mustk be = -=(1+2i) ond 2-(1-2)

2l-2z +5 = (2-(+2)=Z-(1-21)

(-1-2)(2-1+2i)

For more help, please visit www.exampaperspractice.co.uk
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