
1.5 Further Proof & Reasoning
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1.5.1 Proof by Induction

Proof by Induction

What  is proof  by induct ion?

Pro o f  by inductio n is a way o f pro ving a result is true f o r a set o f  integers  by sho wing that if it is

true f o r o ne integer then it  is true f o r the next integer

It can be tho ught o f as do mino es:

All do mino es will fall do wn if:

The �rst do mino  falls do wn

Each do mino  falling do wn causes the next do mino  to  fall do wn

What  are t he st eps f or proof  by induct ion?

ST EP 1: T he basic step

Sho w the result is true fo r the base case

This is no rmally n = 1 o r 0 but it co uld be any integer

Fo r example: To  pro ve 

n

∑
r=1

r2=
1
6 n (n+1) (2n+1)  is true fo r all integers n ≥ 1 yo u

wo uld �rst need to  sho w it is true fo r n = 1: 

1

∑
r=1

r2=
1
6 (1) ( (1)+1) (2(1)+1)

ST EP 2: T he assumptio n step

Assume  the result is true fo r n = k fo r so me integer k

Fo r example: Assume 

k

∑
r=1

r2=
1
6 k (k+1) (2k+1)  is true

There is no thing to  do  fo r this step apart fro m writing do wn the assumptio n

ST EP 3: T he inductive step

Using the assumptio n sho w the result is true fo r n = k + 1

It can be helpful to  simplify LHS & RHS separately and sho w they are identical

The assumptio n fro m STEP 2 will be needed at so me po int

Fo r example: LHS=
k+1

∑
r=1

r2  and RHS=
1
6 ( )k+1 ( )( )k+1 +1 ( )2( )k+1 +1

ST EP 4 : T he co nclusio n step

State  the result is true

Explain in wo rds  why the result is true

It must include:
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If true fo r n = k then it is true fo r n = k + 1

Since true fo r n = 1 the statement is true fo r all n ∈ ℤ, n ≥ 1  by mathematical inductio n

The sentence will be the same fo r each pro o f just change the base case fro m n = 1 if

necessary

What  t ype of  st at em ent s m ig ht  I be asked t o prove by induct ion?

Sums o f  sequences

If the terms invo lve facto rials then ( )k+1 != ( )k+1 × ( )k!  is useful

These can be written in the fo rm 

n

∑
r=1

f ( )r =g ( )n

A useful trick fo r the inductive step is using 

k+1

∑
r=1

f ( )r = f ( )k+1 +
k

∑
r=1

f ( )r

Divisibility o f an expressio n by an integer

These can be written in the fo rm f ( )n =m×qn  where m & q are integers

A useful trick fo r the inductive step is using ak+1=a×ak
Co mplex numbers

Yo u can use pro o f by inductio n to  pro ve de Mo ivre’s theo rem

Derivatives

Such as chain rule, pro duct rule & quo tient rule

These can be written in the fo rm f ( )n
( )x =g ( )x

A useful trick fo r the inductive step is using f ( )k+1
( )x =

d
dx ( )f ( )k

( )x
Yo u will have to  use the di�erentiatio n rules

Exam T ip

Learn the steps fo r pro o f by inductio n and make sure yo u can use the metho d fo r a number o f

di�erent types o f questio ns befo re go ing into  the exam

The trick to  answering these questio ns well is practicing the pattern o f using each step

regularly 

n
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Worked example

Pro ve by inductio n that 

n

∑
r=1

r ( )r−3 =
1
3 n ( )n−4 ( )n+1  fo r n∈ℤ+.
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1.5.2 Proof by Contradiction

Proof by Contradiction

What  is proof  by cont radict ion?

Pro o f  by co ntradictio n is a way o f pro ving a result is true  by sho wing that the negatio n can no t

be true

It is do ne by:

Assuming the negatio n (o ppo site) o f the result is true

Sho wing that this then leads to  a co ntradictio n

How do I det erm ine t he neg at ion of  a st at em ent ?

The negatio n o f a statement is the o ppo site

It is the statement that makes the o riginal statement false

To  negate statements that mentio n “all”, “every”, “and” “bo th”:

Replace these phrases with “there is at least o ne”, “o r” o r “there exists” and include the

o ppo site

To  negate statements that mentio n “there is at least o ne”, “o r” o r “there exists”:

Replace these phrases with “all”, “every”, “and” o r “bo th” and include the o ppo site

To  negate a statement with “if A o ccurs then B o ccurs”:

Replace with “A o ccurs and the negatio n o f B o ccurs”

Examples include:

Statement Negatio n

a is ratio nal a is irratio nal

every even number bigger than 2

can be written as the sum o f two

primes

there exists an even number bigger

than 2 which canno t be written as a

sum o f two  primes

n is even and prime n is no t even o r n is no t prime

there is at least o ne o dd perfect

number
all perfect numbers are even

n is a multiple o f 5 o r a multiple o f 3
n is no t a multiple o f 5 and n is no t a

multiple o f 3

if n² is even then n is even n² is even and n is o dd
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What  are t he st eps f or proof  by cont radict ion?

ST EP 1: Assume the negatio n o f the statement is true

Yo u assume it is true but then try to  pro ve yo ur assumptio n is wro ng

Fo r example: To  pro ve that there is no  smallest po sitive number yo u start by assuming

there is a smallest po sitive number called a

ST EP 2: Find two  results which co ntradict  each o ther

Use algebra to  help with this

Co nsider ho w a co ntradictio n might arise

Fo r example: ½a is po sitive and it is smaller than a which co ntradicts that a was the

smallest po sitive number

ST EP 3: Explain why the o riginal statement is true

In yo ur explanatio n mentio n:

The negatio n can’t be true  as it led to  a co ntradictio n

Therefo re the o riginal statement must be true

What  t ype of  st at em ent s m ig ht  I be asked t o prove by cont radict ion?

Irratio nal numbers

To  sho w 
n p  is irratio nal where p is a prime

Assume 
n p =

a
b  where a & b are integers with no  co mmo n facto rs and b ≠ 0

Use algebra to  sho w that p is a facto r o f bo th a & b

To  sho w that logp ( )q is irratio nal where p & q are di�erent primes

Assume logp ( )q =
a
b   where a & b are integers with no  co mmo n facto rs and b ≠ 0

Use algebra to  sho w q = p

To  sho w that a o r b must be irratio nal if their sum o r pro duct is irratio nal

Assume a & b are ratio nal and write as fractio ns

Sho w that a + b o r ab is ratio nal

Prime numbers

To  sho w a po lyno mial is never prime

Assume that it is prime

Sho w there is at least o ne facto r that canno t equal 1

To  sho w that there is an in�nite number o f prime numbers

Assume there are n primes p , p , ..., p

Sho w that p=1+p1×p2× . . . ×pn  is a prime that is bigger than the n primes

Odds and evens

To  sho w that n is even if n² is even

b a

1 2 n
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Assume n² is even and n is o dd

Sho w that n² is o dd

Maximum and minimum values

To  sho w that there is no  maximum multiple o f 3

Assume there is a maximum multiple o f 3 called a

Multiply a by 3

Exam T ip

A questio n wo n't always state that yo u sho uld use pro o f by co ntradictio n, yo u will need to

reco gnise that it is the co rrect metho d to  use

There will o nly be two  o ptio ns (e.g. a number is ratio nal o r irratio nal)

Co ntradictio n is o ften used when no  o ther pro o f seems reaso nable
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a)

b)

Worked example

Pro ve the fo llo wing statements by co ntradictio n.

Fo r any integer n , if n2  is a multiple o f 3 then n  is a multiple o f 3.

3  is an irratio nal number.
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