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Exam Papers Practice

1.5.1Proof by Induction

Proof by Induction
Whatis proof byinduction?

= Proofbyinductionis awayofprovingaresultistrue forasetof integers byshowingthatifitis
true foroneintegerthenitis true forthe next integer
= |tcanbethoughtofasdominoes:
= Alldominoes will falldownif:
= Thefirstdomino falls down
= Eachdomino fallingdown causes the next domino to falldown

What arethe stepsforproof byinduction?

= STEP1:Thebasic step
= Showtheresultis true forthe base case
= Thisisnormally n=1or O butitcould be anyinteger
n

1
= Forexample:To prove Z = EH(H + 1)(211 + 1) is true forallintegers n>Tyou
r=1

would first need to showitis trueforn=1:

1
L T+ DE+)

= STEP2:Theassumptionstep
= Assume theresultis true forn=kforsomeintegerk

k
= Forexample:Assume Z = %k(k+ 1)(2k+ 1) is true
r=1
= Thereis nothingto do forthis step apart fromwritingdown the assumption
= STEP3:Theinductive step
= Usingthe assumptionshow theresultis true forn=k+1
= |tcanbe helpfulto simplify LHS & RHS separatelyand show theyare identical
= The assumptionfrom STEP 2willbe needed at some point

k+1
1
= Forexample: LHS= 2_ 12 and RHS = g(k+ D{(k+1)+1D)Q2(k+1)+1)
r=1

= STEP4:Theconclusionstep
= State theresultis true
= Explaininwords whythe resultis true
= |tmustinclude:
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s [ftrueforn=kthenitistrueforn=k+1

= Sincetrue forn=1the statementis true forall ne z, n>1 bymathematicalinduction
= The sentence willbe the same foreachproofjustchange the base case from n=1if

necessary

What type of statements mightlbe askedto provebyinduction?

= Sums of sequences
= |fthe terms involve factorials then (k+ 1)! = (k+ 1) X (k!) is useful

n
= Thesecanbe writteninthe form Z f(l‘) =g(11)
r=1
k+1 k
= Ausefultrick forthe inductive stepis using Z f(I‘) = f(k+ 1) + Z ﬂr)
r=1 r=1

= Divisibility of anexpressionbyaninteger
= These canbe writteninthe form 1‘(11) =mX qn where m& gpare integers

= Ausefultrickforthe inductive stepis using ak+1=gx gk
= Complexnumbers

= Youcanuse proofbyinductionto prove de Moivre’s theorem
= Derivatives

= Suchaschainrule,productrule & quotientrule

= These canbe writteninthe form l‘(”)(X) = g(X)

d
= Ausefultrick forthe inductive stepis using f(k + 1)(X) = a(f(k)(X))

= Youwillhave to use the differentiationrules

O ExamTip

= |earnthe steps forproofbyinductionand make sure youcanuse the method foranumberof
differenttypes of questions before goinginto the exam

= The trickto answeringthese questions wellis practicing the patternofusingeachstep
regularly

Page 2 of 7
For more help visit our website www.exampaperspractice.co.uk



E=l

Exam Papers Practice

@ Worked example

n

1
Prove byinductionthat ZI(I‘— 3) = 311(11 —4)(11 + 1) forn€Z™.
r=1

“otﬁ fo prove Zr(f-3) nk)n»fn)

(]

Basic st
20%c Step =) e(e-3) =()1-3) = -2
Show +re for a=| LW z‘ ( 3) X )

RHS - ‘—3(I)(I—k)(lﬂ) = =2 . LHS =RHS <o true for n:=|

A lon
Rssumption step Assume rz;\r(r-s) > L&k(k-k)(kﬂ\

Assume *rue 1cbr n=

M RHS = ‘—(kﬂ)((kﬂ\—k)« W) = (ke
Show true for n=kv 3 “ ') ( )(k 3)(k+2.)

LHS = Fe(e)  (ka)(jn)=2) + 2l
= (k)ie-2) + gh(k-)(len) " Using ossumptinn
: %(k+|)[3(k-l)+ k(k-h)] fadhrce (k)
- 5 [k -k 6]
% (1) (le=3) (14 2)
L LHS SRWS o e dor =k )
If true for n=k then true for azkn,
Sine # is tue for n=l the shatement
is )rrue \cor a|| neZ

Z =z (r-w) (o)

re

(.ondus‘\or\ step
Explain
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1.5.2 Proof by Contradiction

Proof by Contradiction
Whatis proof bycontradiction?

= Proof by contradictionis awayof provingaresultis true byshowingthat the negationcannot
betrue
= |tisdoneby:
= Assumingthe negation(opposite) of theresultis true
= Showingthat this thenleads to acontradiction

Howdo ldeterminethe negationof astatement?

= Thenegationofastatementis the opposite
= |tis the statement that makes the original statement false
To negate statements that mention “all”, “every”, “and” “both”:
= Replace these phrases with “thereis atleastone”, “or”’ or “there exists” and include the
opposite
To negate statements that mention “thereis atleastone”, “or” or “there exists™:
= Replace these phrases with “all”, “every”, “and” or “both” and include the opposite
= Tonegate astatementwith“if Aoccurs thenBoccurs”:
= Replacewith“Aoccurs and the negationofB occurs”
= Examplesinclude:

|u “«
’

Statement Negation

ais rational ais irrational

everyevennumberbiggerthan2 Jthere exists anevennumberbigger
canbe writtenas the sumoftwo [than2whichcannotbe writtenasa
primes sumoftwo primes

nis evenand prime nisnotevenornisnotprime

thereis atleast one odd perfect
number

allperfect numbers are even

nisnotamultiple of 5and nisnota
multiple of 3

nis amultiple of 5 oramultiple of 3

if n2is eventhen nis even n2is evenand nis odd
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What arethe stepsforproofbycontradiction?

= STEP1:Assume the negationof the statementis true
= Youassumeitis true but thentryto prove yourassumptionis wrong
= Forexample:To prove that there is no smallest positive numberyoustart byassuming
thereis asmallest positive numbercalled a
= STEP 2:Find two results whichcontradict eachother
= Use algebrato helpwiththis
= Considerhowacontradictionmightarise
= Forexample:2ais positive and itis smallerthan awhichcontradicts that awas the
smallest positive number
= STEP 3:Explainwhythe original statement is true
= |Inyourexplanationmention:
= The negationcan’tbetrueasitledto acontradiction
= Therefore the original statement must be true

What type of statements mightlbe askedto provebycontradiction?

= |rrationalnumbers

= To shown«/ P isirrational where pis a prime

a
= Assume H\/ p= g where a& bare integers withno commonfactors and b+#0

= Usealgebrato showthat pisafactorofbotha& b
= Toshowthat logp(q) isirrationalwhere p& gare different primes

a
= Assume logp(q) = —— where a& bare integers withno commonfactors and b#0

b

» Usealgebrato show g?=p?

= Toshowthataorbmustbeirrationalif theirsumorproductisirrational
= Assume a& barerational and write as fractions
= Showthata+borabisrational

= Prime numbers

= To show apolynomialis neverprime
= Assume thatitis prime
= Showthereis atleastone factorthatcannotequall

= To show thatthereis aninfinite numberof prime numbers
= Assume there are nprimes py, P2, ..., Pn

= Showthatp = 1 'f'p1 sz X ... XpH is aprime thatis biggerthanthe nprimes

= Oddsandevens
= To showthat nis evenif n2is even
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= Assume nZis evenand nis odd
= Show that n2is odd
= Maximumand minimumyvalues
= To show that thereis no maximum multiple of 3
= Assume thereis amaximum multiple of 3 called a
= Multiplyaby3

O Exam Tip

= Aquestionwon'talways state that youshould use proof bycontradiction,youwillneed to
recognise thatitis the correctmethod to use
= There willonlybe two options (e.g.anumberis rational orirrational)
= Contradictionis oftenused whenno otherproof seems reasonable
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@ Worked example

Prove the following statements by contradiction.

a)

b)

Foranyintegern, ifnisa multiple of 3then N is a multiple of 3.

Assume the negation is e for o contradiction.

Assume n* is a multiple of 3 and n is nat a mul’riple of 3.
EVQrg infeqer can be writlen ag one of 31,3k, 3kl for some keZ
As o is ot o multiple of 3 then n=3k+l or n=3k-l for some kel

Fon:=3ke] o pt- (31<+l)1 =9k*+ bk + ’3)(3kl+2k) +| s ncta mu“’iﬁe of 3
Fone3k- nt=(3k-1)" =Gk bk +) =3(3k"-2K)+| 5o not @ multide of 3

. n* is aot o multiple of 3
This contradids  the statement “n* is a mulfiple of 3°

T}rerefore the assumgtion is  in correct:

Therefre i ot i a multigle of 3 then-niisa multiple of 3.

A/ 3 is anirrational number.

ASSume the nesa‘hon s True #or a (ontradiction

Assume E i rofional <o tan be coniten B“% where
a and b are ‘\m‘egers wih no ommon facors ond b0,

5quare both sides and rearrange

1 2
3= @3 a" > a’is o miltieof 3 2 q is o mubigle of 3

Let a=3k for some ke Z

3},1:0" » 3 =94k »>b=3’> bz iS 0 muHip\E of 3

b and a are multiples of 3

This wntradids  the statement 0 and b have no tommon factors’

.n\ere‘ore the assumption is incorrect.

“\erefore B 15 irm’tion(ﬂ.
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