
1.5 Complex Numbers

AI HL



1.5.1 Intro to Complex Numbers

Cartesian Form

What  is an im ag inary num ber?

Up until no w, when we have enco untered an equatio n such as x2 = −1 we wo uld have stated

that there are “no  real so lutio ns”

The so lutio ns are x= ± −1  which are no t real numbers

To  so lve this issue, mathematicians have de�ned o ne o f the square ro o ts o f negative o ne as i; an

imaginary number

−1= i
i2=−1

The square ro o ts o f o ther negative numbers can be fo und by rewriting them as a multiple o f 

−1
using ab = a × b

What  is a com plex num ber?

Co mplex numbers have bo th a real part and an imaginary part

Fo r example: 3+4i
The real part is 3 and the imaginary part is 4

No te that the imaginary part do es no t include the 'i '

Co mplex numbers are o ften deno ted by z
We refer to  the real and imaginary parts respectively using Re(z) and Im(z)

Two  co mplex numbers are equal if, and o nly if, bo th the real and imaginary parts are identical.

Fo r example, 3+2i  and 3+3i  are no t equal

The set o f all co mplex numbers is given the symbo l ℂ

What  is Cart esian Form ?

There are a number o f di�erent fo rms that co mplex numbers can be written in

The fo rm z = a + bi is kno wn as Cartesian Fo rm

a, b ∈ ℝ
This is the �rst fo rm given in the fo rmula bo o klet

In general, fo r z = a + bi

Re(z ) = a

Im(z ) = b

A co mplex number can be easily represented geo metrically when it is in Cartesian Fo rm
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Yo ur GDC may call this rectangular f o rm

When yo ur GDC is set in rectangular settings it will give answers in Cartesian Fo rm

If yo ur GDC is no t set in a co mplex mo de it will no t give any o utput in co mplex number fo rm

Make sure yo u can �nd the settings fo r using co mplex numbers in Cartesian Fo rm and

practice inputting pro blems

Cartesian fo rm is the easiest fo rm fo r adding and subtracting co mplex numbers

Exam T ip

Remember that co mplex numbers have bo th a real part and an imaginary part

1 is purely real (its imaginary part is z ero )

i is purely imaginary (its real part is z ero )

1 + i is a co mplex number (bo th the real and imaginary parts are equal to  1)

a)

b)

Worked example

So lve the equatio n x2=−9

So lve the equatio n ( )x+7 2=−16, giving yo ur answers in Cartesian fo rm.
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Complex Addition, Subtraction & Multiplication

How do I add and subt ract  com plex num bers in Cart esian Form ?

Adding and subtracting co mplex numbers sho uld be do ne when they are in Cartesian f o rm

When adding and subtracting co mplex numbers, simplify the real and imaginary parts separately

Just like yo u wo uld when co llecting like terms in algebra and surds, o r dealing with di�erent

co mpo nents in vecto rs

( )a+bi + ( )c+di = ( )a+c + ( )b+d i
( )a+bi − ( )c+di = ( )a−c + ( )b−d i

How do I m ult iply com plex num bers in Cart esian Form ?

Co mplex numbers can be multiplied by a co nstant in the same way as algebraic expressio ns:

k ( )a+bi =ka+kbi
Multiplying two  co mplex numbers in Cartesian fo rm is do ne in the same way as multiplying two

linear expressio ns:

( )a+bi ( )c+di =ac+ ( )ad+bc i+bdi2= ac+ ( )ad+bc i−bd
This is a co mplex number with real part ac−bd and imaginary part ad+bc
The mo st impo rtant thing when multiplying co mplex numbers is that

i2=−1
Yo ur GDC will be able to  multiply co mplex numbers in Cartesian fo rm

Practise do ing this and use it to  check yo ur answers

It is easy to  see that multiplying mo re than two  co mplex numbers to gether in Cartesian fo rm

beco mes a lengthy pro cess pro ne to  erro rs

It is easier to  multiply co mplex numbers when they are in di�erent fo rms and usually it makes

sense to  co nvert them fro m Cartesian fo rm to  either Po lar fo rm o r Euler’s fo rm �rst

So metimes when a questio n describes multiple co mplex numbers, the no tatio n z1, z2, … is

used to  represent each co mplex number

How do I deal wit h hig her powers of  i?

Because i2=−1  this can lead to  so me interesting results fo r higher po wers o f i

i3= i2× i= − i
i4= (i2)

2= ( )−1 2=1
i5= (i2)

2 × i= i
i6= ( )i2 3= ( )−1 3= −1

We can use this same appro ach o f using i  to  deal with much higher po wers

i23= ( )i2 11× i= ( )−1 11× i= − i
Just remember that -1 raised to  an even po wer is 1 and raised to  an o dd po wer is -1

2

Page 3 of 13
For more help visit our website www.exampaperspractice.co.uk



a)

b)

Exam T ip

When revising fo r yo ur exams, practice using yo ur GDC to  check any calculatio ns yo u do  with

co mplex numbers by hand

This will speed up using yo ur GDC in rectangular fo rm whilst also  giving yo u lo ts o f

practice o f carrying o ut calculatio ns by hand

Worked example

Simplify the expressio n2( )8−6i −5( )3+4i .

Given two  co mplex numbers z1=3+4i  and z2=6+7i , �nd z1× z2 .
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Complex Conjugation & Division

When dividing co mplex numbers, the co mplex co njugate  is used to  change the deno minato r to  a

real number.

What  is a com plex conjug at e?

Fo r a given co mplex number z=a+bi, the co mplex co njugate o f  z is deno ted as z* , where 

z*=a−bi
If z=a−bi  then z*=a+bi
Yo u will �nd that:

z+z*  is always real because (a+bi)+ (a−bi)=2a
Fo r example: (6+5i) + (6−5i) = 6+6+5i−5i = 12

z−z*  is always imaginary because ( )a+bi − (a−bi)=2bi
Fo r example: (6+5i) − (6−5i) = 6−6+5i− (−5i) = 10i

z×z*  is always real because ( )a+bi ( )a−bi =a2+abi−abi−b2i2=a2+b2  (as 

i2=−1)

Fo r example: (6+5i) (6−5i) = 36 +30i – 30i −25i2 = 36 – 25(−1) = 61

How do I divide com plex num bers?

To  divide two  co mplex numbers:

STEP 1: Express the calculatio n in the fo rm o f a fractio n

STEP 2: Multiply the to p and bo tto m by the co njugate o f  the deno minato r:

a+bi
c+di =

a+bi
c+di ×

c−di
c−di

This ensures we are multiplying by 1; so  no t a�ecting the o verall value

STEP 3: Multiply o ut and simplify yo ur answer

This sho uld have a real number as the deno minato r

STEP 4: Write yo ur answer in Cartesian fo rm as two  terms, simplifying each term if needed

OR co nvert into  the required fo rm if needed

Yo ur GDC will be able to  divide two  co mplex numbers in Cartesian fo rm

Practise do ing this and use it to  check yo ur answers if yo u can
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Exam T ip

We can speed up the pro cess fo r �nding by using the basic pattern o f 

We can apply this to  co mplex numbers: 

(using the fact that )

So    multiplied by its co njugate wo uld be 

Worked example

Find the value o f ( )1+7i ÷ (3− i) .
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1.5.2 Modulus & Argument

Modulus & Argument

How do I �nd t he m odulus of  a com plex num ber?

The mo dulus o f a co mplex number is its distance fro m the o rigin when plo tted o n an Argand

diagram

The mo dulus o f z is written 








z
If z=x+ iy , then we can use Pythago ras  to  sho w…









z = x2+y2
A mo dulus is never negative

What  f eat ures should I know about  t he m odulus of  a com plex num ber?

the mo dulus is related to  the co mplex co njugate  by…

zz*=z*z= 







z 2

This is because zz*= ( )x+ iy ( )x− iy =x2+y2
In general, 











z1+z2 ≠










z1 +|z2|
e.g. bo th z1=3+4i  and z2=−3+4i  have a mo dulus o f 5, but z1+z2  simpli�es to  8i

which has a mo dulus o f 8

How do I �nd t he arg um ent  of  a com plex num ber?

The argument o f a co mplex number is the angle  that it makes o n an Argand diagram

The angle must be taken fro m the po sitive real axis

The angle must be in a co unter-clo ckwise directio n

Arguments are measured in radians

They can be given exact in terms o f π
The argument o f z  is written arg z
Arguments can be calculated using right-angled trigo no metry

This invo lves using the tan ratio  plus a sketch to  decide whether it is po sitive/negative and

acute/o btuse

What  f eat ures should I know about  t he arg um ent  of  a com plex num ber?

Arguments are usually given in the range −π < arg z ≤ π
Negative arguments are fo r co mplex numbers in the third and fo urth quadrants

Occasio nally yo u co uld be asked to  give arguments in the range 0 < arg z ≤ 2π
The questio n will make it clear which range to  use

The argument o f z ero , arg 0  is unde�ned (no  angle can be drawn)
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What  are t he rules f or m oduli and arg um ent s under m ult iplicat ion and division?

When two  co mplex numbers, z1  and z2 , are multiplied  to  give z1z2 , their mo duli are also

multiplied










z1z2 =










z1 |z2|

When two  co mplex numbers, z1  and z2 , are divided  to  give 

z1
z2

, their mo duli are also  divided









z1
z2
=











z1










z2
When two  co mplex numbers, z1  and z2 , are multiplied  to  give z1z2 , their arguments  are added

arg
( )
z1z2 =arg z1+arg z2

When two  co mplex numbers, z1and z2 , are divided  to  give 

z1
z2

, their arguments  are subtracted

Exam T ip

Always draw a quick sketch to  help yo u see what quadrant the co mplex number lies in when

wo rking o ut an argument

Lo o k fo r the range o f values within which yo u sho uld give yo ur argument

If it is    then yo u may need to  measure it in the negative directio n

If it is    then yo u will always measure in the po sitive directio n (co unter -

clo ckwise)
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a)

b)

Worked example

Find the mo dulus and argument o f z=2+3i

Find the mo dulus and argument o f w=−1− 3i
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1.5.3 Introduction to Argand Diagrams

Argand Diagrams

What  is t he com plex plane?

The co mplex plane, so metimes also  kno wn as the Argand plane, is a two -dimensio nal plane o n

which co mplex numbers can be represented geo metrically

It is similar to  a two -dimensio nal Cartesian co o rdinate grid

The x-axis is kno wn as the real axis (Re)

The y-axis is kno wn as the imaginary axis (Im)

The co mplex plane emphasises the fact that a co mplex number is two  dimensio nal

i.e it has two  parts, a real and imaginary part

Whereas a real number o nly has o ne dimensio n represented o n a number line (the x-axis o nly)

What  is an Arg and diag ram ?

An Argand diagram is a geo metrical representatio n o f co mplex numbers o n a co mplex plane

A co mplex number can be represented as either a po int o r a vecto r

The co mplex number x + yi is represented by the po int with cartesian co o rdinate (x, y)

The real part is represented by the po int o n the real (x-) axis

The imaginary part is represented by the po int o n the imaginary (y-) axis

Co mplex numbers are o ften represented as vecto rs

A line segment is drawn fro m the o rigin to  the cartesian co o rdinate po int

An arro w is added in the directio n away fro m the o rigin

This allo ws fo r geo metrical representatio ns o f co mplex numbers
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a)

b)

Worked example

Plo t the co mplex numbers z = 2 + 2i and z  = 3 – 4i as po ints o n an Argand diagram.

Write do wn the co mplex numbers represented by the po ints A and B o n the Argand

diagram belo w.

1  2
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Complex Roots of Quadratics

What  are com plex root s?

A quadratic equatio n can either have two  real ro o ts (z ero s), a repeated real ro o t o r no  real ro o ts

This depends o n the lo catio n o f the graph o f the quadratic with respect to  the x-axis

If a quadratic equatio n has no  real ro o ts we wo uld previo usly have stated that it has no  real

so lutio ns

The quadratic equatio n will have a negative discriminant

This means taking the square ro o t o f a negative number

Co mplex numbers pro vide so lutio ns fo r quadratic equatio ns that have no  real ro o ts

How do we solve a quadrat ic equat ion when it  has com plex root s?

If a quadratic equatio n takes the fo rm ax + bx + c = 0 it can be so lved by either using the quadratic

fo rmula o r co mpleting the square

If a quadratic equatio n takes the fo rm ax + b = 0 it can be so lved by rearranging

The pro perty i = √-1 is used

−a = a×−1= a × −1
If the co e�cients o f the quadratic are real then the co mplex ro o ts will o ccur in co mplex

co njugate pairs

If z = p + qi (q ≠ 0) is a ro o t o f a quadratic with real co e�cients then z* = p - qi is also  a ro o t

The real part  o f the so lutio ns will have the same value as the x co o rdinate o f the turning po int o n

the graph o f the quadratic

When the co e�cients o f the quadratic equatio n are no n-real, the so lutio ns will no t  be co mplex

co njugates

To  so lve these yo u can use the quadratic fo rmula

How do we f act orise a quadrat ic equat ion if  it  has com plex root s?

If we are given a quadratic equatio n in the fo rm az + bz + c = 0, where a, b, and c ∈ ℝ, a ≠ 0 we can

use its co mplex ro o ts to  write it in f acto rised f o rm

Use the quadratic fo rmula to  �nd the two  ro o ts, z = p + qi and z* = p - qi

This means that z – (p + qi) and z – (p – qi) must bo th be facto rs o f the quadratic equatio n

Therefo re we can write az + bz + c = a(z – (p + qi))( z – (p - qi))

This can be rearranged into  the fo rm a(z – p – qi)(z – p + qi)

Exam T ip

Once yo u have yo ur �nal answers yo u can check yo ur ro o ts are co rrect by substituting yo ur

so lutio ns back into  the o riginal equatio n

Yo u sho uld get 0 if co rrect! [No te: 0 is equivalent to  ]

2

2

2

2
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Worked example

So lve the quadratic equatio n z  - 2z + 5 = 0 and hence, facto rise z  - 2z + 5.2 2
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