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1.5.1Binomial Theorem

Binomial Theorem
Whatis the BinomialTheorem?

= The binomialtheorem (sometimes known as the binomial expansion) gives amethod for
expandingatwo-termexpressioninabracketraised to apower
= Abinomialexpressionisinfactanytwo termsinside the bracket,howeverinIB the
expressionwillusually be linear
= To expand abracket withatwo-termexpressionin:
= Firstchoose the mostappropriate parts of the expressionto assignto aand b
= Thenuse the formulaforthe binomial theorem:

(a+b)r=an+ "C 2" 'b+..+"C a " "h T+ . +Db"

H n!
s where C =—F———
r rl(n-r1)!

= Seebelowformoreinformationon HCr

i

n .
» Youmayalsosee C writtenas (I.}or C
r n r

= Youwillusuallybe asked to find the first three orfourterms of anexpansion
= |ookoutforwhetheryoushould give youranswerinascending ordescending powers of x
= Forascending powers start withthe constantterm, a”
= Fordescending powers start with the term with xin
= Youmaywishto swap aand boverso thatyoucanfollow the general formula giveninthe
formulabook
= |fyouare notwritingthe fullexpansionyoucaneither
= showthatthe sequence continues by puttinganellipsis (..) afteryourfinal term
= orshow thatthe terms youhave found are anapproximation of the fullsequence byusing the
signforapproximatelyequals to (=)

Howdo I find the coefficient of asingleterm?

= Mostofthetimeyouwillbe asked to find the coefficient of aterm,ratherthan carryout the whole
expansion
= Use the formulaforthe generalterm
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HC an—r br
r

= The questionwill give youthe powerof xof the termyouare looking for

= Use thisto choose whichvalue of ryouwillneed to useinthe formula

= This willdepend onwhere the xis inthe bracket

= Thelaws ofindices canhelpyoudecide whichvalue of rto use:

. For(a + bX)“ to find the coefficientof XTuse g7 ~ T (bX)r
n-—r r
For(a + bXZ)“ to find the coefficientof XTuse @ 2 (sz) 2
b.n

= For(a + —) look athow the powers willcancel out to decide whichvalue of I'to use
X

2\8

= Sofor|3x +; toﬁndthecoef-ﬁcientosz use the termwith I = 3 and to find the

constanttermuse the termwithrr = 4
= Therearealotofvariations of this so itis usuallyeasierto see this byinspectionofthe
exponents
= Youmayalso be giventhe coefficient of aparticulartermand asked to find anunknownin the
brackets
= Usethelaws ofindicesto choosethecorrecttermand thenuse the binomialtheorem
formulato formand solve and equation

O Exam Tip

= Binomial expansion questions canget messy, use separate lines to keep yourworking clear
and always put terms in brackets
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@ Worked example

Find the first three terms,inascendingpowers of X,inthe expansionof (3 - 2X)5.
o=3 b=-2x n=9
Sulbbskibte. volues wto e focemulan \Qor (on4b)"
(on4b)" = ol ﬂC\O\h—\ AN P A A

Queskion osks Qor oscev\dinj powers of % so start Wikh
the constont term, o’

(3 —Z’x)s B + Oc, (3)°7'(-2x) + 5c¢, (3)5'2(_23&)2_&“.
ok
ﬁfﬁf ® 243 +  5xBlx=2LoFl0x 2F X X
neaakive
~ 243 — R10x + 1080 x*

(3 -Zoc)s x 243 — 810x + 1080 :r."_l
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The Binomial Coefficient nCr

Whatis nCr?

= |f we wantto find the numberofways to choose ritems out of ndifferent objects we canuse the

n
formulafor Cr

n!
= Theformulaforrcombinationsofnitemsian = — .
r l(n-r1)!

= This formulais giveninthe formulabooklet alongwith the formulaforthe binomialtheorem
n
= The function Crcanbewritten(n

r
= Make sure youcanfind and use the buttononyourGDC

) or nCrand is oftenread as ‘nchooser’

n
Howdoes Cr relate tothe binomialtheorem?

n!

H — . N . .
= Theformula Cr— is also known as abinomial coefficient

rl(n—1)!
= Forabinomialexpansion(a + b)n thecoef‘ﬁcientsofeachtermwillbenCO,nC1 and soonup
to"'C
n
; th ; 1
= The coefficientof the I'" termwill be Cr

n _n _
. CH— Co—l

. . : . n — n
= The binomialcoefficients are symmetrical,so Cr = Cn _

= Thiscanbe seenbyconsideringthe formulaforncr

H n! n!
) CH—T_ (n=0(n=(n—10)! B r(n—r1)! B HCT

O ExamTip

= Youwillmostlikelyneed to use the formulafornCratsome pointinyourexam
= Practiceusingitand don'talways relyonyourGDC
= Make sure youcanfinditeasilyinthe formulabooklet
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@ Worked example

Withoutusingacalculator, find the coefficient of the termin X3 inthe expansionof(l + X)9.

Nn=9 o=1, b=
Substitute volues ito tre formula for the binomial theorem :

n
(046 =00+ .. + Ceol "o+ ..+ 0"
N n

Co = ——
where < Vo )\
. r.(ﬂ P). ‘/COQGP\.C.\Q.V\*. O€
(1 +x)q B (|)q’r (:I.)r => occurs

r=0 1
when =3,

=3 8'wes qca * ([)q—3(1>3

n
Non -calewlokor, @0 worck 66Uk Cy Sej\boxm’tt\t;) g

Qe = A = AUxBnrxfn Gk A2
37 21 (g-3)  (3x2) (£ Bx 4 xZx2)
L 9Ax8x 7 -
6

50 the kterm when r=3 (s 8%=x (1)x x*

= 84-3(_3

" Coekticient of =3 =%
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Pascal's Triangle
WhatisPascal’s Triangle?

= Pascal’s triangle is awayof arranging the binomial coefficients and neatly shows how theyare
formed
= Eachtermis formed byaddingthe two terms above it
= The firstrow has just the number]
= Eachrow begins and ends withanumber]
= Fromthe third row the terms inbetweenthe Is are the sumof the two terms above it

HowdoesPascal’s Trianglerelateto thebinomialtheorem?
n
= Pascal’s triangle is an alternative way of finding the binomial coefficients, Cr

= |tcanbeusefulforfindingforsmallervalues of N without acalculator
= Howeverforlargervalues of Nnitis slow and prone to arithmetic errors

nth

0
= Takingtheﬁrstrowaszero,( CO = 1),eachrowcorrespondstothe row and the term

withinthatrow corresponds to the rth term

O Exam Tip

= |nthe non-calculatorexamPascal's triangle can be helpful if youneed to get the coefficients
of anexpansion quickly, provided the value of nis nottoo big
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@ Worked example

Write out the 7throw of Pascal’s triangle and use it to find the value of 6 C4.

" vow  of  Yoscols Tn'wxg\e,:

oc,
| | / |
Co < (¥ <
| 2 {
I3 3 |
N L

[ e 10 10 5 ]
N NGININL NG
% o = | b IS 20 185 6 |

4 A\

6C° 6C4.
F* vow of ‘Poscols Targle: 1,6,15,20,15,6, |

6C4— = IS5
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