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1.3.1Language of Sequences & Series

Language of Sequences & Series
What is a sequence?

= Asequenceisanordered setof numbers with arule for finding all of the numbersin the sequence
= Forexamplel,3,5,7,9,..isasequence with the rule ‘start at one and add two to each number’
= Thenumbersinasequence are often called terms
= Theterms of asequence are oftenreferred to by letters with a subscript
= [nIBthiswillbe the letteru
= Sointhesequenceabove,u;=1,u,=3,us=5andsoon
= Eachterminasequence can be found by substituting the term number into formula for the nth term

Whatis a series?

= Youget aseries by summing up the termsinasequence

= E.g.Forthesequencel, 3,5,7,..theassociated seriesis1+3+5+7 + ..
= We use the notation S, torefer to the sum of the first nterms in the series

m Sp=Uj+ U2+ U3+ .. +Up

» Sofortheseriesabove S5=1+3+5+7+9=25
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@ Worked example

Determine the first five terms and the value of S5 in the sequence with terms defined by u, =5 - 2n.

Un = S-2n

2 L 8 .
fird twe tarm Yo R o -
wont by \"!.?\AQ(AS
n wikih Ws volue,

AW = 5-2() =3

Creak ) recognise twe patktern
Lerm W, = S5- 2(2) = 1 5’ 5
= 5-2(3) = -l
us 5 2() Q_?_‘..-fu.\.e, Ls
We = 5-2() =-3 Subtrock 2

wg = 5-2(8)= -5
‘Skark with 3 ond sutcoct 2 fam each  number .
Sg=3+1+(-D)+(-)+(-9)=-5
the s-.ﬁv\ &

khwe Cirst S k&ﬂﬂu

S, t,-1, -3
SS--S

’

For more help, please visit www.exampaperspractice.co.uk
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Sigma Notation
What is sigma notation?

= Sigma notationis used to show the sum of a certain number of termsin a sequence
= The symbolXisthe capital Greek letter sigma
= 3 standsfor‘sum’
= The expression to theright of the Z tells you what is being summed, and the limits above and below
tell you which terms you are summing

Sigma Notation

Upper Limit
(Lastvalue of i) \

Formulafor
Greek letter “Si / the terms
reek letter “Sigma”
Summation 'x

/’

Lower Limit
(First value of i)

= Be careful, thelimits don’t have to start with 1

= Forexample Z (2]{+ 1) or Z (2](— 13)
=0 =7
= randkare commonly used varlables within sigma notation
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@ Worked example

Asequence canbe definedby U = 2 X 31~ lsgrn€ 7%

a) Writeanexpressionforu1 + u, + u, + ... + Uu_usingsigmanotation.

6

n-| * :
Un = 2 X3 N E Z 4 NS the set
s z ! of o\l posttive
ntegers

WUsh noy sigma notokion

6
Wy + Uy +...+ U = ZUw:.
k=\

i(l 5 Sk.-l)

k=l

b) Write an expressionfort,, + ug + u, + ...+ ulzusingsigma notation.

7
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=2x3%!' neZ"enis heset
Un =2 ‘ of all posttive
in&e.sers

Lksin.s sigma  notakion

12
Uz + Ug + ... + U = Z W
k=%

For more help, please visit www.exampaperspractice.co.uk
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1.3.2 Arithmetic Sequences & Series

Arithmetic Sequences
What is an arithmetic sequence?

= |nanarithmetic sequence, the difference between consecutive termsin the sequence is constant
= This constant difference is known as the common difference, d, of the sequence
= Forexample, 1,4,7,10, .. is an arithmetic sequence with the rule ‘start at one and add three to each
number’
= Thefirstterm, u;, is1
= The commondifference, d,is 3
= Anarithmetic sequence can be increasing (positive common difference) or decreasing (negative
common difference)
= Eachterm of anarithmetic sequence isreferred to by the letter u with a subscript determiningits
placeinthe sequence

How do I find a termin an arithmetic sequence?

» The n'"term formula for an arithmetic sequence is given as
un=u1+(n— 1)d

= Where Ll1 isthe first term, and d is the common difference

= Thisis givenin the formula booklet, you do not need to know how to derive it
= Entertheinformationyouhave into the formula and use your GDC to find the value of the term
= Sometimesyou will be given a term and asked to find the first term or the common difference
= Substitute the informationinto the formula and solve the equation
= You could use your GDC for this
= Sometimes you will be given two terms and asked to find both the first term and the common
difference
= Substitute the informationinto the formula and set up a system of linear equations
= Solve the simultaneous equations
= You could use your GDC for this
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@ Worked example

The fourth term of an arithmetic sequence is 10 and the ninth termis 25, find the first term and the
common difference of the sequence.

Ue =10 , Wq = 29

'F-O(mw\ou Cor n™ tecn of
on orcibthmekic senes:

Un= W +(n-V)d

Swe in W =10 ond WUq =25

Wy= W+ (4-V) u +3d =10

uq= \.A.\"'(q"\)(k

]

W, + 8 = 25

Solve uting GOC :
letk W =2 ond &=3

X+ 3y =10
3:,-1-83 = 25

x=1, y=3

w, =1

a =3

For more help, please visit www.exampaperspractice.co.uk
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Arithmetic Series
How do | find the sum of an arithmetic series?

= Anarithmetic seriesis the sum of the terms in an arithmetic sequence
= Forthearithmetic sequencel,4,7,10, .. the arithmetic seriesis1+4+7+10 + ...
= Use the following formulae to find the sum of the first n terms of the arithmetic series:

n n
SH=E(2L11+ (n—-1)d) ; SH=5(L11+ un)

u u1 is the first term

= disthe common difference

. LIH isthe last term

= Bothformulae are giveninthe formula booklet, you do not need to know how to derive them
= You canuse whicheverformulais more convenient for a given question
= |fyouknow the first term and common difference use the first version
= |f youknow the first and last term then the second versionis easierto use
= Aquestionwill often give you the sum of a certain number of terms and ask you to find the value of the
first term or the common difference
= Substitute the informationinto the formula and solve the equation
= You could use your GDC for this
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@ Worked example

The sum of the first 10 terms of an arithmetic sequenceis 630.

a) Find the common difference, d, of the sequence if the first termis 18

Sie = 630

Focorula. for the sum of
on oribthmekic senes :

Sn= %(Zu. + (n-0d)

Suwe (n Sio =630, K, =18
Sio= % (20”)+ (10-0d) = 630
5(36+ad)= 630

Solve: 36+ 9Ad = 126

9d = 40
d. =10

d = 10

b) Find the first term of the sequence if the common difference, d, is 1.
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Sub tn S0 = 630, do= 1l
Sio= -',5_’-(2 w, +(10o-D() = 630
5(2w. + 99) = 630

126

Solve.: 2w, + 99

2“\ = 2-?'

For more help, please visit www.exampaperspractice.co.uk
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1.3.3 Geometric Sequences & Series

Geometric Sequences

What is a geometric sequence?

In a geometric sequence, there isacommonratio, r, between consecutive terms in the sequence
= Forexample, 2,6,18,54,162, ...is a sequence with the rule ‘start at two and multiply each number by
three’
= The firstterm, uy, is 2
= The commonratio, r,is 3
A geometric sequence can be increasing (r> 1) or decreasing (O <r <1)
If the commonratio is a negative number the terms will alternate between positive and negative values
= Forexample, 1,-4,16,-64,256, ..is asequence with the rule ‘start at one and multiply each number
by negative four’
= Thefirstterm, u;, is |
= The commonratio, r,is -4
Each term of a geometric sequence is referred to by the letter u with a subscript determiningits place
inthe sequence

How do | find a termin a geometric sequence?

The nth term formula for a geometric sequenceis given as

u =u rn-1
n 1

= Where l.l1 is the first term, and I'is the commonratio

= Thisformula allows you to find any term in the geometric sequence

= |tisgiveninthe formulabooklet, you do not need to know how to derive it
Enter the information you have into the formula and use your GDC to find the value of the term
Sometimes you will be given a term and asked to find the first term or the commonratio

= Substitute the informationinto the formula and solve the equation

= You could use your GDC for this

Sometimes you will be given two or more consecutive terms and asked to find both the first term and
the commonratio

= Find the commonratio by dividing a term by the one before it

= Substitute this and one of the termsinto the formula to find the first term
Sometimes you may be given a term and the formula for the n' term and asked to find the value of n

= You cansolve these using logarithms on your GDC
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@ Worked example

The sixth term, u6

Find,

i
We

The.

ii)

, of ageometric sequenceis 486 and the seventhterm, U_,is 1458

the commonratio, I, of the sequence,

= ‘(-36 3 uq_ = |‘f‘58

common rokio, r, Ls given by

2_‘3_-; = U3 = ... = Un+

W, U UWn

w We = 436 , Uz = 1458
L_}s_i - 1458 _ 3

Vs 486

the first term of the sequence, U, .

1
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Focmuwla for n™ tern of o 3eome.\:ric. senes:

n-1
Un= W, ¥

Suwp in r=3 and eildreyr We= 486 or Uz = 1458
Le = W' = «8p

Solve: 243 u, = %€6
We = 2

-2
|
N

For more help, please visit www.exampaperspractice.co.uk
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Geometric Series
How do | find the sum of a geometric series?

= Ageometric series is the sum of a certain number of terms in a geometric sequence
= Forthe geometric sequence 2, 6,18, 54, ... the geometric seriesis2+ 6 +18 + 54 + ...
= The following formulae will let you find the sum of the first n terms of a geometric series:

ul(r” -1) _ ul(l )

SH= -1 l1-r

] ll1 isthe firstterm
= TI'isthe commonratio
= Bothformulae are givenin the formula booklet, you do not need to know how to derive them
= Youcanuse whichever formulais more convenient for a given question
= The first version of the formulais more convenientif I > 1 and the second is more convenient if
r<l
= Aquestionwill often give you the sum of a certain number of terms and ask you to find the value of the
first term, the commonratio, or the number of terms within the sequence

= Substitute the informationinto the formula and solve the equation
= You could use your GDC for this
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@ Worked example

Ageometric sequencehas, = 25andr = (.8. Findthe value of U and SS'

1

W, =25, r=0%8
-F-mmw\.o. Cor n™ tecm of o Seome_bﬁg senes:
n -1
Un = 'Uk\ r
Sue n W, =25, r=0=%
&
Ug = 25(0.8) = lo.24

Focorula. for the sum of o Seame.i:ric. Senes:

Sp = W™= = w(-¢")

=1 V- g
r <! so ths
version s

s
Sg = w(-c5) _ 25(1-08%) _ 406

1= | -—0.%
Us = 10.24
Ss = 3¢. 04

For more help, please visit www.exampaperspractice.co.uk
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Sum to Infinity
What is the sum to infinity of a geometric series?

= Ageometric sequence will eitherincrease or decrease away from zero or the terms will get
progressively closerto zero
= Termswill get closertozeroif the commonratio, r,is between1and -1
= |fthe terms are getting closerto zero then the series is said to converge
= This means that the sum of the series will approach a limiting value
= Asthe number of termsincrease, the sum of the terms will get closer to the limiting value

How do we calculate the sum to infinity?

= |f askedto find out if a geometric sequence converges find the value of r
" If|1‘| < 1 thenthesequence converges
. If|1‘| > 1 thenthe sequence does not converge and the sum to infinity cannot be calculated
s || <1 means—1<r<1
1‘| < 1, thenthe geometric series converges to a finite value given by the formula
ul
S = , rl<1

© 1-r

= |f

u u1 is the first term

= ['isthe commonratio
= Thisisinthe formula book, you do not need torememberit
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@ Worked example

The first three terms of a geometric sequence are 6,2, =. Explain why the series converges and

3

find the sum to infinity.

7z
u|= 6, uz= 2; u3= -3_
Find the value of v: r = %‘:
u 2 = =
= Tzl = —6- =3

Irl <1 so the sertes converges

WUy
Find the Sum to infiniky: Seo=T_¢
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1.3.4 Applications of Sequences & Series

Applications of Arithmetic Sequences & Series

Many real-life situations can be modelled using sequences and series, including but not limited to: patterns
made when tiling floors; seating people around a table; the rate of change of a population; the spread of a
virus and many more.

What do | need to know about applications of arithmetic sequences and series?

= |f aquantity is changing repeatedly by having a fixed amount added to or subtracted fromit then the
use of arithmetic sequences and arithmetic series is appropriate to model the situation
= |f asequence seems to fit the pattern of an arithmetic sequence it can be said to be modelled by
an arithmetic sequence
= The scenario can be modelled using the giveninformation and the formulae from the formula
booklet
= Acommon application of arithmetic sequences and series is simple interest
= Simpleinterestis when aninitialinvestmentis made and then a percentage of the initial investment
isadded to thisamount on aregular basis (usually peryear)
= Arithmetic sequences can be used to make estimations about how something will change in the future
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@ Worked example

Jasperis saving for anew car. He puts USD $100 into his savings account and then each month he puts

in USD $10 more than the month before. Jasper needs USD $1200 for the car. Assuming no interest is
added, find,

i) the amount Jasper has saved after four months,
|dentif Y the. arighmekic Seguence. :

Ww, = {oo d =10

J

After & wmonths Tosper will hove saved:
U, + Ut Uy + Ug =S

Focrula. for the sum of on oribhmekic senes:

B o —%’:—(Zu\l + (n-1d)
S¢ = (2w, +(4-Dd)
Sub (n W, =100 and d =10

S¢

£ (2(100)+ («-1)(10))
2 (200 + 30)
2 (230)

S = $460

ii) the monthinwhich Jasper reaches his goal of USD $1200.
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Suwbe Sn =1200, W, =100, d =10 (ke formula :

1200 = 5 (2(100) + (n--1 (o))

Solve using qksabrm‘.c. solver on GDC:

vw= %.63. or = -2% 6%,
talisnaud as n  connot
be  negakive.

Sg < 1200

Sq > 1200 vresches bowl in 9™ month

Josper will reach UsSOD $1200

n the A" month.

For more help, please visit www.exampaperspractice.co.uk
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Applications of Geometric Sequences & Series

What do I need to know about applications of geometric sequences and series?

If a quantity is changing repeatedly by a fixed percentage, or by being multiplied repeatedly by a fixed
amount, then the use of geometric sequences and geometric series is appropriate to model the
situation
= |f asequence seems to fit the pattern of ageometric sequence it can be said to be modelled by a
geometric sequence
= The scenario can be modelled using the giveninformation and the formulae from the formula
booklet
A common application of geometric sequences and series is compound interest
= Compoundinterestis when aninitialinvestmentis made and theninterest is paid on the initial
amount and on the interest already earned on aregular basis (usually every year)
Geometric sequences can be used to make estimations about how something will change in the future
The questions won’t always tell you to use sequences and series methods, so be prepared to spot
‘hidden’ sequences and series questions
= |Lookoutforquestions onsavings accounts, salaries, sales commissions, profits, population
growth and decay, spread of bacteria etc
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@ Worked example

Anew virusis circulating on aremoteisland. On day one there were 10 people infected, with the
number of new infections increasing at arate of 40% per day.

a) Find the expected number of people newly infected on the 7t day.

\deﬂti(‘s ‘e 3e_ow\2k~r{c. Segquence :

U-| = |0 J = 1_‘-1-
RO 40/ wnerense so 407

of the cloué ve fore

New Afections : Uz
'Formw‘m. @or n™ tecm of o 3eome.’t:r§c_ senes

n-1
Un= W, r

S in W, =10, r=LG4

10(1.6)° = #5.29...

=
4
[

Expected number of new dnfeckions = 15

b) Find the expected number of infected people after one week (7 days), assuming no one has
recoveredyet.
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Total cafections: S=

focmulo. for the sum of o 3e.ame_\:ric. senes:

Sn-’*Mw_r?l so this
o

vers\won s
eoswer to wse .
s&b ip’\- l*I = lo F] = LL"

Sz = ‘O(“‘:?l") = 238.53..

Expected number of tokol dnafections = 239

For more help, please visit www.exampaperspractice.co.uk
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1.3.5 Compound Interest & Depreciation

Compound Interest
What is compound interest?

= [nterestis asmall percentage paid by abank orcompany thatis added on to aninitial investment
= [nterest canalsorefertoanamount paid onaloanordebt, however|B compoundinterest
questions will always refer to interest oninvestments
= Compound interestis where interest is paid on both the initialinvestment and any interest that has
already been paid
= Make sure you know the difference between compound interest and simple interest
= Simpleinterest paysinterest only on the initial investment
= Theinterest paid each time willincrease asitis a percentage of a higher number
= Compoundinterest willbe paidininstalmentsin a given timeframe
= Theinterestrate, r, willbe perannum (peryear)
= This could be writtenr % p.a.
= Lookoutforphrases such as compounding annually (interest paid yearly) or compounding
monthly (interest paid monthly)

a
» If % p.a. (perannum)is paid compounding monthly, then —+ % will be paid each month

12

= The formula forcompound interest allows for this so you do not have to compensate
separately

How is compound interest calculated?

= The formulaforcalculating compound interestis:

kn
FV=PVX (1 + 1001()

= Where
= FVisthe futurevalue
= PVisthe presentvalue
= nisthenumberof years
= kisthe numberof compounding periods peryear
= 1 %isthe nominal annual rate of interest
= Thisformulais givenin the formula booklet, you do not have to rememberit
= Be carefulwiththe kvalue
= Compounding annually meansk =1
= Compounding half-yearly means k =2
= Compounding quarterly meansk =4
= Compounding monthly means k =12
= Your GDC will have a finance solver app onit which you can use to find the future value
= Thismay also be called the TVM (time value of money) solver
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= Youwillhave to enterthe information from the questioninto your calculator
= Beaware that many questions will be set up such that you will have to use the formula
= Soforcompoundinterest questionsitis better to use the formula from your formula booklet than
your GDC
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@ Worked example

Kiminvests MYR 2000 (Malaysian Ringgit) in an account that pays a nominal annual interest rate of
2.5% compounded monthly. Calculate the amount that Kim will have in her account after 5 years.

Compaund\ wnkerest formatla

interest voke
- en & number of years

FV =PV(""|001~:
2 i

Fukure ?(esenl: Compo umdinj
volue volue pPeriods

Subskiktuke wvolues (n:

Pv = 2000 (initial investment)
k=12 (Comeoundir& mon{:hl‘.b)
¥ = 2.5

n =95 (number of atars)

(1zxS)

2.5
FV = ZOOO (I +(|OO)({2))

= 22466.002...

FY = MYR 22%0 (3sf)
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Depreciation
What is depreciation?

= Depreciationis when the value of something falls over time

= The most common examples of depreciation are the value of cars and technology

= |fthe depreciationis occurring at a constantrate thenitis compound depreciation
How is compound depreciation calculated?

= The formulafor calculating compound depreciationis:
n

r
FV=PVX l—m

= Where
= FVisthe futurevalue
= PVisthe presentvalue
= nisthenumberof years
= r%istherate of depreciation
= Thisformulais not givenin the formula booklet, howeveritis almost the same as the formula for
compound interest but
= with a subtractioninstead of an addition
= thevalue of kwillalwaysbe 1
= Your GDC could again be used to solve some compound depreciation questions, but watch out for
those which are set up such that you will have to use the formula
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@ Worked example
Kyle buys a new carfor AUD $14 999. The value of the car depreciates by 15% each year

a) Find the value of the car after 5years.

Depreciokion formula : o
voke of dQP"Qc\O.{:JUﬂ
/
e number of years
Fv =PV(|_ 00 )
D T
Fukure present
value value

Subskiture wvolues (n:
14999 (inikial cost)

PV =
v = IS/
w =95 (numver of Ue.afs)

S

1S
FV = 14999 (|- 755°)

% .668%513 -

FY = AUD $4660 (3s€)

Find the number of years and months it will take for the value of the carto be approximately AUD

b)
$9999.
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Fv =PV(|_10‘; )n

Fv = 9999
Pv = 144999
v = IS/
Subskituke volues (n:
15 N
9999 = 14999 (I—m)
Use GCDC €o solve :
e = 2.49S...
ol

" qs™ or
Z Years Q.4 of o 8‘

Convert to Years ondd  monkhs :

& years + 0.49S... %12 months

~ 2 years ond & months

For more help, please visit www.exampaperspractice.co.uk
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