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1.3.1Language of Sequences & Series

Language of Sequences & Series

Whatis asequence?

= Asequenceisanorderedsetofnumbers withawell-defined rule forgetting fromone numberto
the next

Forexample1,3,5,7,9, ..isasequence withthe rule ‘start at oneand addtwo to get each
subsequent number’

= The numbersinasequence are oftencalled terms

The terms of asequence are oftenreferred to byletters with a subscript
= |nIBthis willbe the letteru

= Sointhesequenceabove,y=1u,=3,uz=5andsoon

Eachterminasequence canbe found bysubstituting the termnumberinto the formulaforthe
nthterm

Whatis aseries?

= Yougetaseries bysummingup the termsinasequence
= E.g.Forthesequencel 3,5,7,..theassociated seriesis1+3+5+7 + ..
= Weusethenotation Syto referto the sumofthe first nterms inthe series
" So=Uh+ U+ Uz+..+Up
= Sofortheseriesabove S5=1+3+5+7+9=25

@ Worked example

Determine the first five terms and the value of S5inthe sequence withterms defined by u, =5-2n.

Un = 5-2n

2

civ\& the term yow
wont b:) f{?\gg{(\s
n wkhh W volue,
Ciest AW = S- 2-(‘) 3 re.c.osm'.s& twe pattern.

Lerm uz - 5_2(7—) | [C4
=107
Wy = 5-2 - ) 7 & TUle s

we = 5-2) = -3°"7 " siekect 2
Wg = 5-2(8)= -5

T Lerm number

[}

‘Starkt  with 3 oand sukcact 2 fom emch  numbec

Sg=3+!1+(-)+(-3)+(-9) =-5
2>

the sum of

the (irst S terms
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Sigma Notation
Whatis sigmanotation?

= Sigmanotationis used to show the sumofacertainnumberoftermsinasequence
= The symbolXis the capital Greeklettersigma
= Ystandsfor'sum’
= The expressionto therightof the X tells youwhatis beingsummed, and the limits above and
below tellyouwhichterms youare summing

= Becareful,the limits don’t have to start with1
4 14
= Forexample Z (2k+ 1) or Z (2](— 13)
k=0 k=7
= rand kare commonlyused variables withinsigmanotation

O ExamTip
= YourGDC willbe able to use sigmanotation, familiarise yourself withitand practice usingitto
checkyourwork
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@ Worked example

Asequence canbe defined by lln= 2 X30-l¢grn€ 7+,

a) Write anexpressionforu, + u, + u, + ... + u_usingsigmanotation.

1 6

Un = 2x3%7", n € Z" enistheset
of o\l posittive

in&e.sers
Wsh nay Sigma notokion
[3
W+ Uy +... ¢+ U = ZLKK
k=1
é
2 (2x3%1)-8
k=l :

F

b) Writeanexpressionforu7 + ug + u, + ...+ u, using sigmanotation.

2

Un = 2% 37" n€ Z% e nis Beset
£ o\l posttive
(M-.e,sers

WUsh nay sigma notokion

12
Uz + Ug +... + U = Z W
k=%

Y (2 x8*)
k=F
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1.3.2 Arithmetic Sequences & Series

Arithmetic Sequences
Whatis anarithmeticsequence?

= |nanarithmetic sequence, the difference betweenconsecutive termsinthe sequenceis
constant
= This constant difference is known as the commondifference, d,of the sequence

= Forexample,1,4,7,10,..is anarithmetic sequence withthe rule ‘start at one and add three to
eachnumber’

= The firstterm, u;,is 1
= The commondifference, d,is 3

= Anarithmetic sequence canbe increasing (positive commondifference) ordecreasing
(negative commondifference)

= EFachtermofanarithmetic sequenceisreferred to bythe letter uwith asubscript determining
its placeinthe sequence

Howdo lfindaterminanarithmetic sequence?

» The n'termformulaforanarithmetic sequence is given as
— + —_
u =u, (n-1)d

= Where LI1 is the firstterm, and dis the commondifference

= Thisis giveninthe formulabooklet,youdo notneed to knowhow to derive it
= Enterthe informationyouhave into the formulaand use your GDC to find the value of the term
= Sometimes youwillbe givenatermand asked to find the first termorthe commondifference
= Substitute the informationinto the formula and solve the equation
= YoucoulduseyourGDC forthis
= Sometimes youwillbe giventwo terms and asked to find both the first termand the common
difference
= Substitute the informationinto the formulaand setup asystemof linear equations
= Solve the simultaneous equations
= YoucoulduseyourGDC forthis

O Exam Tip

= Simultaneous equations are oftenneeded within arithmetic sequence questions, make sure
you are confident solvingthem with and without the GDC
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@ Worked example

The fourthterm of an arithmetic sequenceis 10 and the ninthtermis 25, find the first term and the

commondifference of the sequence.

We =10 , u°\=25

Focmula Qoc n™ tecn of
on ovribhmekic senes:

Un= W +(n-V)d
Swo in Wy =10 ond Wq =29

We= Wi+ (4-1)d =rur+ 34

Wq= W +(a-V)d

W, + 8d

Solve w&»’«s GoC -
lek W, =2¢ ‘ond ok=-5

x+3y =10
3;-1-85 = 295

x = | /3=3

W,

=\
=3
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Arithmetic Series
Howdo lfindthesum of anarithmetic series?

= Anarithmetic seriesis the sumof the terms inanarithmetic sequence
= Forthe arithmetic sequence1,4,7,10,..the arithmetic seriesis 1+4+7 +10 +...
= Use the following formulae to find the sumofthe first nterms of the arithmetic series:

n n
SH=E(2L11+(11—1)d) : SH=E(U1+ un)

u Ll1 is the first term

= disthe commondifference

. LIH is the lastterm

= Bothformulae are giveninthe formulabooklet,youdo notneed to know how to derive them
= Youcanuse whicheverformulais more convenient foragivenquestion
= |[fyouknow the firsttermand commondifference use the first version
= |fyouknow the firstand lasttermthenthe second versionis easierto use
= Aquestionwilloftengive youthe sumofacertainnumberofterms and ask youto find the value of
the firsttermorthe commondifference
= Substitute the informationinto the formula and solve the equation
= YoucoulduseyourGDC forthis

O Exam Tip

= The formulae youneed forarithmetic series are inthe formulabook,youdo notneed to
rememberthem
= Practice finding the formulae so that youcan quicklylocate theminthe exam
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@ Worked example

The sumofthe first 10 terms of an arithmetic sequenceis 630.

a) Find the commondifference, d,of the sequence if the first termis 18.
S|o = 6 30

Focrulaa for the sum of
on ocikthmekic senes:

Sn= F(2u, + (n-1d)
Suwo in Sio =630, W, =18
= 2 (209)+ (10-0Dd) = 630
5(36+ad)= 620

Solve : 36 + 94 =126
9d. = 90
d.= 10

l,,..._.r

b) Find the first term of the sequence if the commondifference, d,is 11.

Su\o w S|o = 630, i= “
= Z (2w +0-00M) = 630

5(Zw,+99) = 630
Solve : 2ZU,+ 99 = 126
U, = 2-‘7'

w, =139
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1.3.3Geometric Sequences & Series

Geometric Sequences
Whatis ageometric sequence?

= Inageometric sequence,thereis acommonratio, r,betweenconsecutive termsinthe
sequence
= Forexample,2,6,18,54,162, ..is asequence with the rule ‘start at two and multiply each number
by three’
= The first term, u;,is 2
= The commonratio,r,is 3
= Ageometric sequence canbeincreasing(r>1) ordecreasing (0 <r<1)
= |fthe commonratio is anegative number the terms will alternate between positive and negative
values
= Forexample,1,-4,16,-64,256, ..is asequence with the rule ‘start at one and muitiply each
number by negative four’
= The firstterm, u;,is 1
= The commonratio,r,is -4
= EFachtermofageometric sequenceisreferred to bythe letter uwithasubscript determiningits
placeinthe sequence
Howdo lfindaterminageometric sequence?

» The n termformulafora geometric sequence is given as

u =u -1
n 1

= Where 1.11 is the firstterm,and I'is the commonratio

= This formula allows youto find any termin the geometric sequence
= |tis giveninthe formulabooklet,youdo notneed to know howto derive it
= Enterthe informationyouhave into the formulaand use your GDC to find the value of the term
= Sometimes youwillbe givenatermand asked to find the first termorthe commonratio
= Substitute the informationinto the formula and solve the equation
= YoucoulduseyourGDC forthis
= Sometimes youwillbe giventwo ormore consecutive terms and asked to find boththe first term
and the commonratio
= Find the commonratio bydividingatermbythe one before it
= Substitute this and one of the terms into the formulato find the first term
= Sometimes youmaybe givenatermand the formulaforthe nt"term and asked to find the value of
n
= Youcansolve these usinglogarithms onyourGDC

O Exam Tip

= Youwillsometimes need to use logarithms to answergeometric sequences questions
= Make sure youare confidentdoing this
= Practice usingyourGDC fordifferent types of questions
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@ Worked example

The sixthterm, u6’ ofageometric sequenceis 486 and the seventhterm, U,_,is 1458.

7
Find,

i)

the commonratio, I',of the sequence,

We = 486 , Uz = 1458

The common rokio, r, (s given by

= 23 =.. = Uas
u| uz_ Un

St&b W We = 486 , Uz = 1458

Y‘:‘._A_?. - 1458 = 3
6 486
ryF =2
i

if) the firstterm of the sequence, U, .

'F::(Mvg\.og Qor W™ Lecn ofF o 3e.ome,’cr§c. senes:

n-1
Un= W, r

Swe tin r=3 and eldneyr We= 486 or Uz = 1458
we = W) = &36

Solve: 243 u, = %<6
w =2
w =12
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Geometric Series
Howdo Ifindthe sum of ageometric series?

= Ageometric seriesis the sumofacertainnumberoftermsinageometric sequence
= Forthe geometric sequence 2,6,18,54,..the geometric seriesis2+6 +18 +54 +...
= The following formulae willlet you find the sum of the first nterms of ageometric series:

ul(rﬂ -1) ul(l — M)

SH= -1 l1-r

u lll is the firstterm

= T'isthe commonratio
= Bothformulae are giveninthe formulabooklet,youdo notneed to know how to derive them
= Youcanuse whicheverformulais more convenient foragivenquestion
» The firstversion of the formulais more convenientif I > 1 and the second is more

convenientifr < 1
= Aquestionwilloftengive youthe sumofacertainnumberofterms and ask youto find the value of
the first term,the commonratio, orthe numberofterms withinthe sequence
= Substitute the informationinto the formula and solve the equation
= YoucoulduseyourGDC forthis

O ExamTip

= The geometric series formulae are inthe formulae booklet,youdon'tneed to memorise
them
= Make sure youcanlocate them quicklyinthe formulabooklet
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@ Worked example

Ageometric sequence has U, = 25and r = 0.8. Find the value of U, and SS'

W, =25, r=0%8

Focomla for n™ tecm of o 3eome,bric_ senes:
n-t
Un= W,
Sub n W =25, r=0¢
4
Us = 25(0.8) = l10.24

Focorula. for the sum of o 3epme)cr§c. senes:

-1 \-Y (<|So*-b\($

versiwon s
eoster o wse.

Sue wn W, =25, r=0.=2

w(l-vS) _ 25(1 -028%) _ g4.0¢

| =¥ | =0.%
Us = 10.24
Ss = 8%¢. 04
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Sum to Infinity
Whatisthe sumtoinfinityof ageometric series?

= Ageometric sequence will eitherincrease ordecrease awayfromzero orthe terms will get
progressivelycloserto zero
= Terms willgetcloserto zero ifthe commonratio, r,is betweenland -1
= |fthe terms are gettingcloserto zero thenthe series is said to converge
= This means that the sumof the series willapproach alimiting value
= Asthe numberoftermsincrease,the sumofthe terms willgetcloserto the limitingvalue

Howdo we calculate the sum to infinity?

= |f asked to find outif ageometric sequence converges find the value of r
" If|1‘| < 1 thenthesequence converges

. If|1‘| > 1 thenthe sequence does not converge and the sumto infinitycannot be
calculated

s |r] < 1means—1<r<1
] If|1‘| < 1,thenthe geometric series converges to a finite value given by the formula
ul
S = |r| <1

© |-r’

. LI1 is the firstterm

= ['isthecommonratio
= Thisisinthe formulabook,youdo notneed to rememberit

O Exam Tip

= |earnand rememberthe conditions forwhenasumto infinitycanbe calculated
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@ Worked example

The first three terms of a geometric sequence are 6, 2, g Explainwhythe series converges

and find the sumto infinity.

2
U|= 6, uz= Z; u3= —§
Find the value of v: r = “77"
U 2 _ L\
= —\Tz" = Z— = 3
- -

Ir] <1 so the Series

CDV\VQ.‘“SQ$
—

U,
find the sum to t'n(\'ni.ts‘ Seo = | -
) b _ -3
Sw |_(- l_Js /3 = q
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1.3.4 Applications of Sequences & Series

Applications of Arithmetic Sequences & Series

Manyreal-life situations canbe modelled using sequences and series,including but not limited to:
patterns made whentilingfloors;seatingpeople around atable;the rate of change of apopulation;
the spread of avirus and manymore.

What dolneedto knowabout applications of arithmetic sequences andseries?

= |faquantityis changingrepeatedlybyhavingafixed amountadded to orsubtracted fromit then
the use of arithmetic sequences and arithmetic series is appropriate to modelthe situation
= |[fasequence seemsto fitthe patternof anarithmetic sequence it canbe said to be
modelled by an arithmetic sequence
= The scenario canbe modelled using the giveninformation and the formulae fromthe formula
booklet
= Acommonapplicationof arithmetic sequences and series is simple interest
= Simpleinterestis whenaninitialinvestmentis made and then a percentage of the initial
investmentis added to this amount onaregularbasis (usually peryear)
= Arithmetic sequences canbe used to make estimations about how somethingwillchange inthe
future

O ExamTip

= Examquestions won'talways tellyouto use sequences and series methods, practice
spottingthem bylookingforclues inthe question

= |fagivenamountisrepeated periodicallythenitis likelythe questionis onarithmetic
sequences orseries
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@ Worked example FE

Jasperis savingforanew car.He puts%gﬁﬁwrﬁtgr f:st'ggvings accountand theneachmonthhe

puts in USD $10 more thanthe monthbefore. Jasperneeds USD $1200 forthe car. Assumingno
interestis added, find,

i) the amount Jasperhas saved afterfourmonths,
ldentif Y e arighmekic Segquence
U-\ = |00 d. = IO

J

After & wmonths Josper will hove saved:
U, + Ut Uz + Uy =Sq_

Focmula. for the sum of

Sn= %(Zu‘ + ((L—l)d)

on ocibhmekic senes

S¢ = ‘i-z-(zul +(l|-—|)&)

Sub (n W, =100 and d =10

S¢

< (20100)+ (+-1)(10))
2 (200 + 30)
2 (2320)

1

S = $&60

ii) the monthinwhich Jasperreaches his goalof USD $1200.
Swe Sn =1200, W, =100, d=10

2-(2(100) + (n-1(0))

wnkte formulel

1200

Solve using alogbraic Solver on GDC:

"= 8.63F. or rn=-2% 6%,

Qo\is\v'eﬁos\-q\ as . cannoct
be V\e‘so&.ive.
Sg <1200

Sq > 1200 vreaches kol in 9™ month
Josper will veack WSO $1200
(n the A" month.
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Applications of Geometric Sequences & Series

Whatdolneedto knowabout applications of geometric sequences andseries?

If aquantityis changingrepeatedlybya fixed percentage, orbybeing multiplied repeatedlybya
fixed amount, thenthe use of geometric sequences and geometric series is appropriate to
modelthe situation
= |fasequenceseems to fitthe patternofageometric sequence it canbe said to be
modelled byageometric sequence
= The scenario canbe modelled using the giveninformation and the formulae fromthe formula
booklet
Acommonapplicationof geometric sequences and series is compound interest
= Compoundinterestis whenaninitialinvestmentis made and theninterestis paid onthe initial
amountand onthe interest already earned on aregularbasis (usuallyeveryyear)
Geometric sequences canbe used to make estimations abouthow something willchange inthe
future
The questions won't always tellyouto use sequences and series methods, so be prepared to
spot‘hidden’sequences and series questions
= lookoutforquestions onsavings accounts,salaries, sales commissions, profits, population
growthand decay,spread of bacteriaetc

O Exam Tip

= Examquestions won'talways tellyouto use sequences and series methods, practice
spottingthembylookingforcluesinthe question

= [fagivenamountis changingbyapercentage ormultiple thenitis likely the questionis on
geometric sequences orseries
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@ Worked example

Anewvirus is circulatingonaremoteisland.Ondayone there were 10 peopleinfected, with the
numberofnewinfectionsincreasingatarate of 40% perday.

a) Find the expected numberof people newlyinfected onthe 7t day.

\dentips e 3eomekr\'c_ Seguence

LL‘ = |0 ) Y = LLQ-
RO G0/ wnerense so VG407

of the clouﬁ ve fore

New <Afections : Uz
'Formw\.a Coc n™ tecn of o 3eome.\7ric_ senes

n -1
UV\= \k\ g

Suwo in w =10, r=L4

6
ug = 10(L&)" = 3529

Expected number of new dafections = 15

b) Find the expected numberofinfected people afterone week (7 days),assumingno one
has recovered yet.

Total cAfections: S=
Focrula. for the sum of o ae_ome_\:ric_ senes:

SVL-’-MR_\*>I so this

-\ . .
. version s

eoster o wse.

Sub \:t\ lL. = \0 ) r=‘.q—

S, = 004&*-1) _ 93983
Ve -\

Expected number of totol dnfections = 239
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