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1.3.1 Language of Sequences & Series

Language of Sequences & Series

What  is a sequence?

A sequence  is an o rdered set o f numbers with a well-defined rule fo r getting fro m o ne number to

the next

Fo r example 1, 3, 5, 7, 9, … is a sequence with the rule ‘start at one and add two to get each

subsequent number’

The numbers in a sequence are o ften called terms

The terms o f a sequence are o ften referred to  by letters with a subscript

In IB this will be the letter u

So  in the sequence abo ve, u = 1, u = 3, u = 5 and so  o n

Each term in a sequence can be fo und by substituting the term number into  the f o rmula f o r the

n  term

What  is a series?

Yo u get a series by summing up the terms in a sequence

E.g. Fo r the sequence 1, 3, 5, 7, … the asso ciated series is 1 + 3 + 5 + 7 +  …

We use the no tatio n S to  refer to  the sum o f the first n terms in the series

S  = u + u + u + … + u

So  fo r the series abo ve S  = 1 + 3 + 5 + 7 + 9 = 25

1 2 3

th

n

n 1 2 3 n

5

Worked example

Determine the �rst �ve terms and the value o f S  in the sequence with terms de�ned by u  = 5 - 2n.5 n 
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Sigma Notation

What  is sig m a not at ion?

Sigma no tatio n is used to  sho w the sum o f a certain number o f terms in a sequence

The symbo l Σ is the capital Greek letter sigma

Σ stands fo r ‘sum’

The expressio n to  the right o f the Σ tells yo u what is being summed, and the limits abo ve and

belo w tell yo u which terms yo u are summing

Be careful, the limits do n’t have to  start with 1

Fo r example 

4

∑
k = 0

(2k+1) o r  

14

∑
k = 7

(2k−13)

r and k are co mmo nly used variables within sigma no tatio n

Exam T ip

Yo ur GDC will be able to  use sigma no tatio n, familiarise yo urself with it and practice using it to

check yo ur wo rk
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a)

b)

Worked example

A sequence can be defined by  un= 2 × 3n−1 fo r  n∈ ℤ+ .

Write an expressio n fo r u1 + u2 + u3 + . . . + u6  using sigma no tatio n.

Write an expressio n fo r u7 + u8 + u9 + . . . + u12using sigma no tatio n.
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1.3.2 Arithmetic Sequences & Series

Arithmetic Sequences

What  is an arit hm et ic sequence?

In an arithmetic sequence, the difference between co nsecutive terms in the sequence is

co nstant

This co nstant difference is kno wn as the co mmo n difference, d,o f the sequence

Fo r example, 1, 4, 7, 10, … is an arithmetic sequence with the rule ‘start at one and add three to

each number’

The first term, u , is 1

The co mmo n difference, d, is 3

An arithmetic sequence can be increasing (po sitive co mmo n difference) o r decreasing

(negative co mmo n difference)

Each term o f an arithmetic sequence is referred to  by the letter u with a subscript determining

its place in the sequence

How do I find a t erm  in an arit hm et ic sequence?

The n term fo rmula fo r an arithmetic sequence is given as

un=u1+ (n−1)d

Where u1 is the first term, and d  is the co mmo n difference

This is given in the fo rmula bo o klet, yo u do  no t need to  kno w ho w to  derive it

Enter the info rmatio n yo u have into  the fo rmula and use yo ur GDC to  find the value o f the term

So metimes yo u will be given a term and asked to  find the first term o r the co mmo n difference

Substitute the info rmatio n into  the fo rmula and so lve the equatio n

Yo u co uld use yo ur GDC fo r this

So metimes yo u will be given two  terms and asked to  find bo th the first term and the co mmo n

difference

Substitute the info rmatio n into  the fo rmula and set up a system o f  linear equatio ns

So lve the simultaneo us equatio ns

Yo u co uld use yo ur GDC fo r this

Exam T ip

Simultaneo us equatio ns are o ften needed within arithmetic sequence questio ns, make sure

yo u are co nfident so lving them with and witho ut the GDC

1

th 
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Worked example

The fo urth term o f an arithmetic sequence is 10 and the ninth term is 25, find the first term and the

co mmo n difference o f the sequence.
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Arithmetic Series

How do I find t he sum  of  an arit hm et ic series?

An arithmetic series  is the sum o f the terms in an arithmetic sequence

Fo r the arithmetic sequence 1, 4, 7, 10, … the arithmetic series is 1 + 4 + 7 + 10 + …

Use the fo llo wing fo rmulae to  find the sum o f the first n terms o f the arithmetic series:

Sn=
n
2 (2u1+ (n−1)d ) ; Sn=

n
2 (u1+ un )

u1 is the first term

d  is the co mmo n difference

un is the last term

Bo th fo rmulae are given in the fo rmula bo o klet, yo u do  no t need to  kno w ho w to  derive them

Yo u can use whichever fo rmula is mo re co nvenient fo r a given questio n

If yo u kno w the first term and co mmo n difference use the first versio n

If yo u kno w the first and last term then the seco nd versio n is easier to  use

A questio n will o ften give yo u the sum o f a certain number o f terms and ask yo u to  find the value o f

the first term o r the co mmo n difference

Substitute the info rmatio n into  the fo rmula and so lve the equatio n

Yo u co uld use yo ur GDC fo r this

Exam T ip

The fo rmulae yo u need fo r arithmetic series are in the fo rmula bo o k, yo u do  no t need to

remember them

Practice finding the fo rmulae so  that yo u can quickly lo cate them in the exam
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a)

b)

Worked example

The sum o f the first 10 terms o f an arithmetic sequence is 630.

Find the co mmo n difference, d, o f the sequence if the first term is 18.

Find the first term o f the sequence if the co mmo n difference, d, is 11.
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1.3.3 Geometric Sequences & Series

Geometric Sequences

What  is a g eom et ric sequence?

In a geo metric sequence, there is a co mmo n ratio , r, between co nsecutive terms in the

sequence

Fo r example, 2, 6, 18, 54, 162, … is a sequence with the rule ‘start at two and multiply each number

by three’

The first term, u , is 2

The co mmo n ratio , r, is 3

A geo metric sequence can be increasing (r > 1) o r decreasing (0 < r < 1)

If the co mmo n ratio  is a negative number the terms will alternate between po sitive and negative

values

Fo r example, 1, -4, 16, -64, 256, … is a sequence with the rule ‘start at one and multiply each

number by negative four’

The first term, u , is 1

The co mmo n ratio , r, is -4

Each term o f a geo metric sequence is referred to  by the letter u with a subscript determining its

place in the sequence

How do I find a t erm  in a g eom et ric sequence?

The n th term fo rmula fo r a geo metric sequence is given as

un=u1r
n−1

Where u1 is the first term, and r  is the co mmo n ratio

This fo rmula allo ws yo u to  find any term in the geo metric sequence

It is given in the fo rmula bo o klet, yo u do  no t need to  kno w ho w to  derive it

Enter the info rmatio n yo u have into  the fo rmula and use yo ur GDC to  find the value o f the term

So metimes yo u will be given a term and asked to  find the first term o r the co mmo n ratio

Substitute the info rmatio n into  the fo rmula and so lve the equatio n

Yo u co uld use yo ur GDC fo r this

So metimes yo u will be given two  o r mo re co nsecutive terms and asked to  find bo th the first term

and the co mmo n ratio

Find the co mmo n ratio  by dividing a term by the o ne befo re it

Substitute this and o ne o f the terms into  the fo rmula to  find the first term

So metimes yo u may be given a term and the fo rmula fo r the n  term and asked to  find the value o f

n

Yo u can so lve these using lo garithms  o n yo ur GDC

1

1

th

Exam T ip

Yo u will so metimes need to  use lo garithms to  answer geo metric sequences questio ns 

Make sure yo u are co n�dent do ing this

Practice using yo ur GDC fo r di�erent types o f questio ns
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i)

ii)

Worked example

The sixth term, u6 , o f a geo metric sequence is 486 and the seventh term, u7 , is 1458. 

Find,

the co mmo n ratio , r , o f the sequence,

the first term o f the sequence, u1 .
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Geometric Series

How do I find t he sum  of  a g eom et ric series?

A geo metric series  is the sum o f a certain number o f terms in a geo metric sequence

Fo r the geo metric sequence 2, 6, 18, 54, … the geo metric series is 2 + 6 + 18 + 54 + …

The fo llo wing fo rmulae will let yo u find the sum o f the first n terms o f a geo metric series:

Sn=
u1 (rn−1)

r−1 =
u1 (1− rn )

1− r

u1 is the first term

r  is the co mmo n ratio

Bo th fo rmulae are given in the fo rmula bo o klet, yo u do  no t need to  kno w ho w to  derive them

Yo u can use whichever fo rmula is mo re co nvenient fo r a given questio n

The first versio n o f the fo rmula is mo re co nvenient if r > 1 and the seco nd is mo re

co nvenient if r < 1
A questio n will o ften give yo u the sum o f a certain number o f terms and ask yo u to  find the value o f

the first term, the co mmo n ratio , o r the number o f terms within the sequence

Substitute the info rmatio n into  the fo rmula and so lve the equatio n

Yo u co uld use yo ur GDC fo r this

Exam T ip

The geo metric series fo rmulae are in the fo rmulae bo o klet, yo u do n't need to  memo rise

them

Make sure yo u can lo cate them quickly in the fo rmula bo o klet
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Worked example

A geo metric sequence has u1 = 25 and r = 0 .8.  Find the value o f u5  and S5 .
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Sum to Infinity

What  is t he sum  t o infinit y of  a g eom et ric series?

A geo metric sequence will either increase o r decrease away fro m z ero  o r the terms will get

pro gressively clo ser to  z ero

Terms will get clo ser to  z ero  if the co mmo n ratio , r, is between 1 and -1

If the terms are getting clo ser to  z ero  then the series is said to co nverge

This means that the sum o f the series will appro ach a limiting value

As the number o f terms increase, the sum o f the terms will get clo ser to  the limiting value

How do we calculat e t he sum  t o infinit y?

If asked to  find o ut if a geo metric sequence co nverges find the value o f r

If |r | < 1  then the sequence co nverges

If |r | ≥ 1  then the sequence do es no t co nverge and the sum to  infinity canno t be

calculated

|r | < 1 means −1 < r < 1
If |r | < 1 , then the geo metric series co nverges  to  a finite value given by the fo rmula

S
∞
=

u1
1− r ,








r <1

u1  is the first term

r  is the co mmo n ratio

This is in the f o rmula bo o k, yo u do  no t need to  remember it

Exam T ip

Learn and remember the co nditio ns fo r when a sum to  infinity can be calculated
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Worked example

The first three terms o f a geo metric sequence are  6 , 2 ,
2
3 .  Explain why the series co nverges

and find the sum to  infinity.
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1.3.4 Applications of Sequences & Series

Applications of Arithmetic Sequences & Series

Many real-life situatio ns can be mo delled using sequences and series, including but no t limited to :

patterns made when tiling flo o rs; seating peo ple aro und a table; the rate o f change o f a po pulatio n;

the spread o f a virus and many mo re.

What  do I need t o know about  applicat ions of  arit hm et ic sequences and series?

If a quantity is changing repeatedly by having a fixed amo unt added to  o r subtracted f ro m it then

the use o f arithmetic sequences and  arithmetic series is appro priate to  mo del the situatio n

If a sequence seems to  fit the pattern o f an arithmetic sequence it can be said to  be

mo delled by an arithmetic sequence

The scenario  can be mo delled  using the given info rmatio n and the fo rmulae fro m the fo rmula

bo o klet

A co mmo n applicatio n o f arithmetic sequences and series is simple interest

Simple interest is when an initial investment is made and then a percentage o f the initial

investment is added to  this amo unt o n a regular basis (usually per year)

Arithmetic sequences can be used to  make estimatio ns abo ut ho w so mething will change in the

future

Exam T ip

Exam questio ns wo n't always tell yo u to  use sequences and series metho ds, practice

spo tting them by lo o king fo r clues in the questio n

If a given amo unt is repeated perio dically then it is likely the questio n is o n arithmetic

sequences o r series  
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i)

ii)

Worked example

Jasper is saving fo r a new car. He puts USD $100 into  his savings acco unt and then each mo nth he

puts in USD $10 mo re than the mo nth befo re. Jasper needs USD $1200 fo r the car. Assuming no

interest is added, find, 

the amo unt Jasper has saved after fo ur mo nths,

the mo nth in which Jasper reaches his go al o f USD $1200.
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Applications of Geometric Sequences & Series

What  do I need t o know about  applicat ions of  g eom et ric sequences and series?

If a quantity is changing repeatedly by a fixed percentage, o r by being multiplied repeatedly by a

fixed amo unt, then the use o f geo metric sequences and  geo metric series is appro priate to

mo del the situatio n

If a sequence seems to  fit the pattern o f a geo metric sequence it can be said to  be

mo delled by a geo metric sequence

The scenario  can be mo delled  using the given info rmatio n and the fo rmulae fro m the fo rmula

bo o klet

A co mmo n applicatio n o f geo metric sequences and series is co mpo und interest

Co mpo und interest is when an initial investment is made and then interest is paid o n the initial

amo unt and o n the interest already earned o n a regular basis (usually every year)

Geo metric sequences can be used to  make estimatio ns abo ut ho w so mething will change in the

future

The questio ns wo n’t always tell yo u to  use sequences and series metho ds, so  be prepared to

spo t ‘hidden’ sequences and series questio ns

Lo o k o ut fo r questio ns o n savings acco unts, salaries, sales co mmissio ns, pro fits, po pulatio n

gro wth and decay, spread o f bacteria etc

Exam T ip

Exam questio ns wo n't always tell yo u to  use sequences and series metho ds, practice

spo tting them by lo o king fo r clues in the questio n

If a given amo unt is changing by a percentage o r multiple then it is likely the questio n is o n

geo metric sequences o r series  
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a)

b)

Worked example

A new virus is circulating o n a remo te island. On day o ne there were 10 peo ple infected, with the

number o f new infectio ns increasing at a rate o f 40%  per day.

Find the expected number o f peo ple newly infected o n the 7 day.

Find the expected number o f infected peo ple after o ne week (7 days), assuming no  o ne

has reco vered yet.

th 
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