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1.2.1 Introduction to Logarithms

Introduction to Logarithms

What  are log arit hm s?

A lo garithm is the inverse o f an expo nent

If ax=b  then loga ( )b =x  where a > 0, b > 0, a ≠ 1

This is in the fo rmula bo o klet

The number a is called the base  o f the lo garithm

Yo ur GDC will be able to  use this functio n to  so lve equatio ns invo lving expo nents

Try to  get used to  ‘reading’ lo garithm statements to  yo urself

loga (b) = x  wo uld be read as “the po wer that yo u raise a  to , to  get b , is x ”

So  log5125 = 3  wo uld be read as “the po wer that yo u raise 5 to , to  get 125, is 3”

Two  impo rtant cases are:

ln x= loge( )x
Where e is the mathematical co nstant 2.718…

This is called the natural lo garithm and will have its o wn butto n o n yo ur GDC

log x= log10 ( )x
Lo garithms o f base 10 are used o ften and so  abbreviated to  lo g x

Why use log arit hm s?

Lo garithms allo w us to  so lve equatio ns where the expo nent is the unkno wn value

We can so lve so me o f these by inspectio n

Fo r example, fo r the equatio n 2 = 8 we kno w that x must be 3

Lo garithms allo w use to  so lve mo re co mplicated pro blems

Fo r example, the equatio n 2  = 10 do es no t have a clear answer

Instead, we can use o ur GDCs to  �nd the value o f log210

Exam T ip

Befo re go ing into  the exam, make sure yo u are co mpletely familiar with yo ur GDC and kno w

ho w to  use its lo garithm functio ns

x

x
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i)

ii)

Worked example

So lve the fo llo wing equatio ns:

x= log327,

2x=21.4 , giving yo ur answer to  3 s.f.
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1.2.2 Laws of Logarithms

Laws of Logarithms

What  are t he laws of  log arit hm s?

Laws o f lo garithms allo w yo u to  simplify and manipulate expressio ns invo lving lo garithms

The laws o f lo garithms are equivalent to  the laws o f  indices

The laws yo u need to  kno w are, given a, x, y > 0:

logaxy= logax+ logay
This relates to  ax× ay=ax+y

loga
x
y = logax − logay

This relates to  ax÷ ay=ax−y
logax

m= mlogax
This relates to  (ax )

y=axy
These laws are in the f o rmula bo o klet  so  yo u do  no t need to  remember them

Yo u must make sure yo u kno w ho w to  use them

Usef ul result s f rom  t he laws of  log arit hm s

Given a > 0 , a ≠ 1
loga1= 0

This is equivalent to  a0=1
If we substitute b fo r a into  the given identity in the fo rmula bo o klet

ax=b ⇔ logab = x  where a > 0, b > 0, a ≠ 1
ax = a ⇔ logaa = x gives a1 = a ⇔ logaa = 1

This is an impo rtant and useful result
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Substituting this into  the third law gives the result

logaa
k= k

Taking the inverse o f its o peratio n gives the result

alogax= x
Fro m the third law we can also  co nclude that

loga
1
x = − logax

These useful results are no t in the f o rmula bo o klet  but can be deduced fro m the laws that are

Beware…

…loga ( )x+y ≠ logax+ logay
These results apply to  ln x (logex)  to o

Two  particularly useful results are

ln ex = x
elnx = x

Laws o f lo garithms can be used to  …

simplify expressio ns

so lve lo garithmic equatio ns

so lve expo nential equatio ns

Exam T ip

Remember to  check whether yo ur so lutio ns are valid

lo g (x+k) is o nly de�ned if x > -k

Yo u will lo se marks if yo u fo rget to  reject invalid so lutio ns
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a)

b) Hence, o r o therwise, so lve 2 log 4− log 2=− log
1
x .

Worked example

Write the expressio n 2 log 4 − log 2  in the fo rm log k , where k ∈ ℤ .
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Change of Base

Why chang e t he base of  a log arit hm ?

The laws o f lo garithms can o nly be used if the lo gs have the same base

If a pro blem invo lves lo garithms with di�erent bases, yo u can change the base o f the

lo garithm and then apply the laws o f lo garithms

Changing the base o f a lo garithm can be particularly useful if yo u need to  evaluate a lo g pro blem

witho ut a calculato r

Cho o se the base such that yo u wo uld kno w ho w to  so lve the pro blem fro m the equivalent

expo nent

How do I chang e t he base of  a log arit hm ?

The fo rmula fo r changing the base o f a lo garithm is

logax=
logbx

logba

This is in the f o rmula bo o klet

The value yo u cho o se fo r b do es no t matter, ho wever if yo u do  no t have a calculato r, yo u can

cho o se b such that the pro blem will be po ssible to  so lve

Exam T ip

Changing the base is a key skill which can help yo u with many di�erent types o f questio ns,

make sure yo u are co n�dent with it

It is a particularly useful skill fo r examinatio ns where a GDC is no t permitted

Worked example

By cho o sing a suitable value fo r b, use the change o f base law to  �nd the value o f  log8 32
 witho ut using a calculato r.
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1.2.3 Solving Exponential Equations

Solving Exponential Equations

What  are exponent ial equat ions?

An expo nential equatio n is an equatio n where the unkno wn is a po wer

In simple cases the so lutio n can be spo tted witho ut the use o f a calculato r

Fo r example,

52x=125
2x = 3

x =
3
2

In mo re co mplicated cases the laws o f lo garithms sho uld be used to  so lve expo nential

equatio ns

The change o f  base  law can be used to  so lve so me expo nential equatio ns witho ut a calculato r

Fo r example,

27x = 9
x= log279

=
log39

log327

=
2
3

How do we use log arit hm s t o solve exponent ial equat ions?

An expo nential equatio n can be so lved by taking lo garithms o f bo th sides

The laws o f  indices  may be needed to  rewrite the equatio n �rst

The laws o f  lo garithms  can then be used to  so lve the equatio n

ln (lo g ) is o ften used

The answer is o ften written in terms o f ln

A questio n my ask yo u to  give yo ur answer in a particular fo rm

Fo llo w these steps to  so lve expo nential equatio ns

STEP 1: Take lo garithms o f bo th sides

STEP 2: Use the laws o f lo garithms to  remo ve the po wers

e
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STEP 3: Rearrange to  iso late x

STEP 4: Use lo garithms to  so lve fo r x

What  about  hidden quadrat ics?

Lo o k fo r hidden squared terms that co uld be changed to  fo rm a quadratic

In particular lo o k o ut fo r terms such as

4 = (2 ) = 2 = (2 )

e = (e ) = (e )

Exam T ip

Always check which fo rm the questio n asks yo u to  give yo ur answer in, this can help yo u

decide ho w to  so lve it

If the questio n requires an exact value yo u may need to  leave yo ur answer as a lo garithm

x 2 x 2x x 2

 2x 2 x x 2

Worked example

So lve the equatio n 4x−3( )2x+1 + 9=0.  Give yo ur answer co rrect to  three signi�cant

�gures.
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