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1.2.1Introductionto Logarithms

Introductionto Logarithms
What arelogarithms?

= Alogarithmis the inverse of anexponent
= fa¥X=>b thenloga(b) = X where a>0,b>0, a#1
= Thisisinthe formulabooklet
= The numberais called the base of the logarithm

= Your GDC willbe able to use this functionto solve equations involving exponents
= Tryto getusedto ‘reading’logarithm statements to yourself

= 1Oga(b) = X would beread as “the powerthatyouraise dto,to get bisx”

= So 10g5125 = 3 would be read as “the powerthatyouraise 5to,to get125,is 3”
= Two importantcases are:
. 1nx=loge(x)
= Where eis the mathematicalconstant2.718..
= Thisis called the naturallogarithmand will have its own buttononyour GDC
. logx=log10(x)

= |ogarithms ofbase10 are used oftenand so abbreviated tolog x
Whyuselogarithms?

= | ogarithms allow us to solve equations where the exponentis the unknown value
= We cansolve some ofthese byinspection
= Forexample,forthe equation2¥=8 we know that xmust be 3
= Logarithms allow use to solve more complicated problems
= Forexample,the equation2*=10 does not have aclearanswer

= Instead,we canuse ourGDCs to find the value of 10g2 10

O Exam Tip

= Before goinginto the exam, make sure you are completely familiarwithyour GDC and know
how to useits logarithm functions
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@ Worked example

Solve the following equations:

) x=log,27,

X = log 323 & 3*=2%

We can see fom (nspeckion:

33 =273 & o =13

::c=3:

OR: Uuse GOC 1o Oind ovswer dired:ls.

if) 2X=21.4,givingyouranswerto3s.f.

2% =214 This connot be seen
fom inspeckion :

2* =214 & o¢ = L057_2|LI-

Ute GOC +to find owswer direckly.

Log,2l.4 = &.&l19S..

oc = 4.42 (3 s£.)
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1.2.2Laws of Logarithms

Laws of Logarithms
What arethelaws of logarithms?

= laws oflogarithms allow youto simplify and manipulate expressions involving logarithms
= Thelaws of logarithms are equivalent to the laws of indices

* Thelawsyouneedtoknoware,givend, X, y > 0:
. logaxy= logax+ logay
= Thisrelatesto aX X a¥ =a*xty

b'e
- loga; = log x —log y

= Thisrelatesto @* + @¥=a*~ Y
. logaxm= mlogax

= Thisrelatesto (aX)Y =aXy
= Theselaws areinthe formulabooklet so youdo notneed to rememberthem
= Youmustmake sure youknow how to use them

Usefulresults from thelaws of logarithms
» Givena >0,a# 1
. logal =0

= Thisis equivalentto a'=1
= |f we substitute bforainto the givenidentityinthe formulabooklet

= a¥=)h & logab = xwherea >0,b >0,a =1
= a*=a<loga= Xgvesal = a & log a =1

= Thisisanimportant and useful result
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= Substituting this into the third law gives the result
- log a*=k

= Takingtheinverse ofits operation gives the result

log x
= g 4 =X

= Fromthe third law we canalso conclude that

1
. 10ga;= —logax

= Theseusefulresults are notinthe formulabooklet but canbe deduced fromthe laws that are
= Beware..

. ...loga(x +y) = logax+10gay
= Theseresults applyto In x (logeX) too

= Two particularlyusefulresults are
= Ine¥ =x
. e = x
= |laws oflogarithms canbe usedto ..
= simplify expressions
= solvelogarithmic equations
= solve exponentialequations

O Exam Tip

= Rememberto check whetheryoursolutions are valid
= |log(x+k)isonlydefinedifx> -k
= Youwilllose marks if youforgetto rejectinvalid solutions
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@ Worked example

a) Write the expression2 log 4 — log 2 inthe form log k,wherek € Z.

Msins the \law \OSO,DCM = mlogax
2log4 = log4" = logle

2105‘1- - losZ = LoS‘r"— LosZ
= \.03 6 - L032.

Wsing the law logaX = logax - logay

J

Log 16 = Leg2 = log 7 = Log®

Zlog% - log2 = Loq 8
1
b) Hence,orotherwise,solve 2 log 4- log 2= - 10g ;

To solve Zlos‘i- 2 losZ = LOS"E rewrite oS

o8 = —loa=
Ve 3 S
Leom
packt (o)

Use the index low ‘_%‘L = o

L038 = -Losrx-
s \anﬁxm= mLoSAx
L038 = Los.x
g = x
x =%
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Change of Base
Whychangethebaseofalogarithm?

= Thelaws of logarithms canonlybe used if the logs have the same base
= |faprobleminvolveslogarithms with differentbases,youcanchange the base of the
logarithmand thenapply the laws of logarithms

= Changingthe base of alogarithm canbe particularlyuseful if youneed to evaluate alogproblem
without acalculator

= Choosethe base suchthatyouwould knowhow to solve the problem from the equivalent
exponent

Howdolchangethebaseofalogarithm?

= The formulaforchangingthe base of alogarithmis
log, x
log x= ——
a log,a

= Thisisinthe formulabooklet

= Thevalueyouchooseforbdoesnotmatter,howeverif youdo nothave acalculator,youcan
choose bsuchthat the problemwill be possible to solve

O Exam Tip

= Changingthe baseis akeyskillwhich canhelp youwith many different types of questions,
make sure you are confident withit

= |tis aparticularlyuseful skillforexaminations where a GDC is not permitted

@ Worked example

Bychoosingasuitable value for b,use the change of base law to find the value of 10g8 32

withoutusingacalculator.

Ckmae of Yvase lLow: l_oao.x = logox
log o &
| 3ff=u
oq g
3/‘

23 =%

C)’\.OOSQ, b=2 to ollow for o salukion b'j inspeckion

LOﬂ 132
LOSZ <]

\ _ 5
03832‘ - 3

\03332 = I%
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1.2.3 Solving Exponential Equations

Solving Exponential Equations
What are exponentialequations?

= Anexponential equationis anequation where the unknownis apower
= |nsimple cases the solutioncanbe spotted without the use of acalculator
= Forexample,

52x =125
2x =3

3
X3

= Inmore complicated cases the laws of logarithms should be used to solve exponential
equations
= The change of base law canbe used to solve some exponential equations without acalculator
= Forexample,

27 =9
X=10g279
10g39
" log,27
3 2
3

Howdo weuselogarithms to solve exponentialequations?

= Anexponentialequationcanbe solved bytakinglogarithms of bothsides
= Thelaws of indices maybe needed to rewrite the equation first
= Thelaws of logarithms canthenbe used to solve the equation
= In(loge)is oftenused
= Theansweris oftenwritteninterms ofIn
= Aquestionmyaskyouto give youranswerinaparticularform
= Followthese stepsto solve exponential equations
= STEPT1:Take logarithms of bothsides
= STEP 2:Use the laws of logarithms to remove the powers
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= STEP 3:Rearrange toisolate x
= STEP 4:Use logarithms to solve forx
What about hidden quadratics?

Lookforhiddensquared terms that could be changed to form a quadratic
= |nparticularlook outforterms suchas

" 4x:(22)x:22x:(2x)2

" e2X=(ed*=(eY?

O Exam Tip

= Always check whichformthe questionasks youto give youranswerin, this canhelpyou
decidehowto solveit

If the questionrequires anexactvalue youmayneed to leave youransweras alogarithm

@ Worked example

Solve the equation4X — 3(2X + 1) + 9=0. Give youranswercorrectto three significant
figures.

Spot the hidden quadrakic: — (Zt)x = ('ny—
By twe lows of (ndices 2*%' = 2%« 7

'Y

(2 -3(2<*) +9 -0 =227
() -3%2-2%+9=0
(2x>7._ 6x2>* +9=0

Lekiow =2° W - bu +9=0

(w -3)(u-3)=0

w=3 .. 2* =13

Solve the exponential equokion 2T =3

Step 1: Take (ogorithms of loth sides : |n(2°‘) In(3)

Sktep 2: Use +the law \oaaxm = mlogsx xin2 = In

Step 3: Reo\franse o (soloke oc e = N3
In2
Step &: Solve
x = Ins 1.584%
T2 T

x = 1.s8 (3s.f)
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