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1.10.1 Systems of Linear Equations

Introductionto Systems of Linear Equations
What aresystems of linearequations?

= Alinearequationis anequationof the firstorder(degree1)
= This means that the maximumdegree of eachtermis 1
= These are examples of linearequations:
= 2x+3y=5&5x-y=10+5z2
= These are examples of non-linearequations:
m x2+5x+3=08& 3x+2xy-5y=0
= Theterms x2and xyhave degree 2
= Asystemoflinearequationsis where two or more linear equations work together
= These are also called simultaneous equations
= |fthere are nvariables thenyouwillneed atleast nequations inorderto solve it
= Foryourexamnwillbe20or3
= A2x2systemoflinearequations canbe writtenas
ax+tby=c

+ =
a,x+by=c,

= A3x3systemoflinearequations canbe writtenas
axt b1y+ c,z= d1

. + + =
a,x b2 y+c,z d2

+ + =
a,x b3 y+e,z d3

What do systems of linearequationsrepresent?

= Themostcommonapplicationofsystems oflinearequationsisingeometry
= Fora2x2system
= EFachequationwillrepresent astraight linein2D
= The solution(ifitexists and is unique)willcorrespond to the coordinates of the point where
the two lines intersect
= Fora3x3system
= Eachequationwillrepresent aplanein3D
= The solution(ifitexists and is unique) willcorrespond to the coordinates of the point where
the three planes intersect
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Systems of Linear Equations

Howdolsetup asystemoflinearequations?

Notallquestions will have the equations writtenout foryou
There willbe bits of information given about the variables

= Two bits ofinformationfora2x2 system

= Threebits of informationfora3x3 system

= lookoutforcluessuchas ‘assumingalinearrelationship’
Chooseto assignx, y& zto the givenvariables

= This willbe helpfulif usinga GDC to solve

= Oryoucanchoose to use more meaningful variables if you prefer
= Suchas cforthe numberof cats and dforthe numberofdogs

HowdolusemyGDCto solveasystem of linearequations?

= YoucanuseyourGDC to solve the systemonthe calculatorpapers (paper2 & paper 3)
= Your GDC willhave a function within the algebramenuto solve asystem of linearequations
= Youwillneed to choose the numberofequations

= Fortwo equations the variables willbe xand y

= Forthree equations the variables will be x, yand z

If required, write the equations inthe givenform

= ax+by=c

= ax+by+cz=d

Your GDC willdisplaythe values of xand y(orx, y,and 2

Q Exam Tip

= Make sure thatyou are familiarwithhow to use your GDC to solve asystemoflinearequations
because evenifyouare asked to use analgebraic method and show yourworking,youcan
useyour GDC to checkyourfinalanswer

= [fasystems oflinearequations questionis asked onanon-calculatorpaper, make sure you
checkyourfinalanswerbyinputting the values into all original equations to ensure that they
satisfythe equations
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@ Worked example

Onamobile phone game, aplayercanpurchase one of three power-ups (fire,ice, electricity)
using theirpoints.

= Adambuys 5 fire,3ice and 2 electricitypower-ups costingatotal of 1275 points.

= Alice buys 2fire,lice and 7 electricitypower-ups costingatotal of 1795 points.

= Alexbuys Tfire and Tice power-ups whichintotalcosts 5 points less thanasingle electricity
powerup.

Find the costofeachpower-up.

let x be the st of a fire power-up
Let 4 be the st of anice power-up
let 2 be the ost of an eledrici‘f“ power-up

Form 3 equations

53(*3)\3 *22 IZ}S
Lx + y v ¥z = 1193

x+3=7:-5 X +y-2 -

~_ v
Write in form ax+1>3+(2 =d
T{{\Pe H\e 3 eqya’rims into the GD( and solve

Xz |20 , LA= %5 , F A 2'0

(1)

Fire costs 120 points
le wsts 85 points
E‘ednci’fa wsts 210 points
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1.10.2 Algebraic Solutions

Row Reduction
Howcanlwriteasystemoflinearequations?

= To save space we canjustwrite the coefficients without the variables

a1x+b1y=c1 4 bl €
= For2variables: canbe writtenshorthand as b
— a C
+ =
a,x bzy c, 2 2| M2
alx+b1y+clz=d1 4 bl € dl
= For3variab|es:azx+ b2y+ c,z= d2canbewrittenshorthandas a, b2 ) d2
a3x+b3y+c3z=d3 _a3 b3 G 3
Whatisarowreducedsystem of linearequations?
= Asystemoflinearequationsisinrowreduced formifitis writtenas:
|A1 B, Cl | D, | Ax+By+Cz=D,
= I 0 B2 CZI D2 Iwhichcorrespondsto Bzy+ CZZ=D2
1o o c|D,| )
L 3| 73] C,z=D,

= |tis veryhelpfulif the values of A;, By, C3are equalto 1
What arerowoperations?

= Rowoperations are used to make the linearequations simplerto solve
= Theydo not affect the solution
= Youcanswitchany two rows
a, byc|d a; byc|d

1 3

» [a, b, c,| d, | canbewrittenas| &, b, ¢, | d, |usingrior3
ay by ¢y | d; a, by ¢ | 4
= Thisisusefulforgettingzerosto the bottom

= Orgettingaoneto thetop
= Youcanmultiply any rowby a(non-zero)constant

Page 4 of 10
For more help visit our website www.exampaperspractice.co.uk



=

Exam Papers Practice

a, b, c | d, a, b, ¢ | d,
= | a, b, ¢,| d, |canbewrittenas | ka, kb, kc, | kd, |using kxro—r»
ay by ¢ | d, a, by ¢ | d;

= Thisisusefulforgettingalas the firstnon-zero valueinarow
= Youcanadd multiples of arow to anotherrow

a by c | d 4 b, ¢ d,

» | 4 b, c,| d, [canbewrittenas | a,F5a, b,+5b; ¢, +5¢; | d,+5d; |using ro+ 5r3— 12
a, b3 c, d3 a, b3 cy d3

= Thisisusefulforcreatingzerosunderal

Howcanlrowreduceasystemoflinearequations?

= STEP1.Getalinthetop left corner

= Youcando this bydividing the row by the current value inits place
= |f the currentvalue is O oranawkward numberthenyoucanswap rows first

1 B, C,| D,
L] * 3k * *
* 3k * *

= STEP2:GetO’sinthe entries below the 1
= Youcando this byadding/subtractingamultiple of the firstrow to eachrow

1 B, ¢,| D,
L 0 * * *
0 * * *

= STEP 3:Ignore the first row and column as theyare now complete
= Repeat STEPS1-2to theremainingsection

1 B, C,| D,
= Getal{0 1 C2 D,
0 * * %
1 B, C,| D

= ThenOunderneath:| 0 1 C2 D

0 0 % k
= STEP4:Getalinthe third row
= Usingthe sameideaas STEP1
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1 B, ¢, | D,
= 01C2 D2
00 1|D

Howdolsolveasystem of linearequationsonceitisinrowreducedform?

= Onceyourowreduced the equations youcanthenconvert backto the variables

1 B C D x+By+Cz=D,
« (0 1 Cz DZ corresponds to .y+C22=1)2
00 1 D3_ z=D,

= Solve the equations startingat the bottom
= Youhave the value forzfromthe third equation
= Substitute zinto the second equationand solve fory
= Substitute zand yinto the firsteachand solve forx

O Exam Tip

= Toreduce the numberofoperations youdo whilst solvingasystemof operations,youcan
do acouple of things:
= Youcansetupyouroriginal matrixwiththe equationsinanyorder,soif one of the
equations alreadyhas alinthe topleft corner, put that one first
= Youdo notneedto make everyequationso thatitonlyhas asingle variable with avalue of
l,youjustneedto do thatforlofthe equations and use thatresult to work out the others

@ Worked example
Solve the following system of linearequations using algebra.
2x—-3y+4z=14
xX+2y—2z=-2
3x—-y—2z=10
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Wr‘u’re without The variaHes 2 3 4 |ly
| 2 2|2
3 -1 2110

5wap ows 1 ad | in op left corner _| 2 -2|-2] 2 o R
2 3 4|l
-l -2010
A mutples of K, o &, ond &, 2 2|2

|
L ad 2e05 under the | 0 -t 313 R-R—R,
0

MuH"\p\e the second row 1o (&ej a| |2 -2|-
0 | % ‘% R, x 3 -k,
0=t 4|16
Repeat the steps | 2 2|2 | 2 <22
0\ 4l 071 5 -
0 0 -4/-2|R+3>R [0 0 | |5 Rx-

\/\]r‘ﬂe out the equations .Sfarfina ot the bottom

™~
"
|_-

2
b I | R S | T [
Y=232°-3 ¥ 3% T ¥y 3t
Ay-22:-0 2 x-b-1:2 >a:3
x,=3, 3=-2,2=Lz
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Number of Solutions to a System
Howmanysolutions canasystem of linearequations have?

= There could be
= Junique solution
= No solutions
= Aninfinite numberofsolutions
= Youcandetermine the case bylookingat therowreduced form

Howdo lknowif the system of linear equations has no solutions?

= Systems withno solutions are called inconsistent
= Whentryingto solve the system afterusing the row reductionmethod youwillend upwitha
mathematical statement whichis never true:

= Suchas:0=1
= Therowreduced systemwillcontain:

= Atleast onerow where the entries to theleft of the line are zero and the entryonthe right of

thelineis non-zero
= Sucharowis called inconsistent
= Forexample:

[ | D 1
| 1B G| 71|

= Row2isinconsistent| 0O 0 O I D2 Iiszisnon—zero
100 1 ID I

Howdo lknowif the system of linear equations has aninfinite number of solutions?

= Systems withatleast one solutionare called consistent
= The solutioncould be unique orthere could be aninfinite numberof solutions
= Whentryingto solve the system afterusing the row reductionmethod youwillend up witha
mathematical statement whichis always true
= Suchas:0=0
= Therowreduced systemwill contain:
= Atleast onerow where allthe entries are zero
= Noinconsistentrows
= Forexample:

rlBICIIDI'I
-0 1 CZIDZI
100 0] 0]
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Howdolfindthe generalsolutionof adependent system?

Adependent systemoflinearequationsis one where there are infinite number of solutions
The generalsolutionwilldepend onone ortwo parameters
Inthe case where two rows are zero
= |etthe variables correspondingto the zero rows be equal to the parameters A &
= Forexample:If the firstand second rows are zero rows thenlet x=A& y=p
= Find the third variable interms of the two parameters using the equation from the third row
= Forexample:z=4A-5u+6
Inthe case where only onerowis zero
= | etthevariable correspondingto the zero row be equal to the parameter A
= Forexample:If the firstrowis azerorow thenlet x=A
= Find the remaining two variablesinterms of the parameterusing the equations formed by
the othertwo rows
= Forexample:y=3A-5&z=7-2A

O Exam Tip

= Commonquestions thatpopupinanIB examinclude questions withequations of lines
= Beingable torecognise whetherthere are no solutions, 1solutionorinfinite solutions is really
useful foridentifyingiflines are coincident, skew orintersect!
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@ Worked example

x+2y—z=3
3x+7y+z=4
x—9z=k
a) Giventhatthe systemoflinearequations has aninfinite numberof equations, find the
value of kK.
Write without the variables I 2 -1 |3
31 |4
I 0 9]k
Use the rw reduction method
2 -1 |3 b2 -1 |3
0 | Ll' "5 r:.‘gr."’rz 0 | li’ ‘5
0 -2 -5 k3| r-r =n 000 0 k-Birtlp>n
T)\em are an infinite umber of solutions £ a row is zero
k-13 =D
k=13
b)

Find a general solution to the system.
The thid o 15 2e0 o let the il variable (2) equal a paraneler
2= )
llse equations fo find expressions for the other variables
3+L+2= -8 2 yikr:=5 s %=-lr)"5
JL+25 -1=3 D x-8N10-M3 > x AN +13

x=‘lk+|3 ] L5="+)‘5 g BF N for NeR
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