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1.10.1 Systems of Linear Equations

Introduction to Systems of Linear Equations

What  are syst em s of  linear equat ions?

A linear equatio n is an equatio n o f the �rst o rder (degree 1)

This means that the maximum degree  o f each term is 1

These are examples o f linear equatio ns:

2x + 3y = 5 & 5× – y = 10 + 5z

These are examples o f no n-linear equatio ns:

x² + 5× + 3 = 0 & 3× + 2xy – 5y = 0

The terms x² and xy have degree 2

A system o f linear equatio ns is where two  o r mo re linear equatio ns  wo rk to gether

These are also  called simultaneo us equatio ns

If there are n variables  then yo u will need at least n equatio ns  in o rder to  so lve it

Fo r yo ur exam n will be 2 o r 3

A 2×2 system o f linear equatio ns can be written as

a1x+b1y=c1
a2x+b2y=c2

A 3×3 system o f linear equatio ns can be written as

a1x+b1y+c1z=d1
a2x+b2y+c2z=d2
a3x+b3y+c3z=d3

What  do syst em s of  linear equat ions represent ?

The mo st co mmo n applicatio n o f systems o f linear equatio ns is in geo metry

Fo r a 2×2  system

Each equatio n will represent a straight line in 2D

The so lutio n (if it exists and is unique) will co rrespo nd to  the co o rdinates  o f the po int where

the two  lines intersect

Fo r a 3×3  system

Each equatio n will represent a plane in 3D

The so lutio n (if it exists and is unique) will co rrespo nd to  the co o rdinates  o f the po int where

the three planes intersect
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Systems of Linear Equations

How do I set  up a syst em  of  linear equat ions?

No t all questio ns will have the equatio ns written o ut fo r yo u

There will be bits o f  inf o rmatio n given abo ut the variables

T wo  bits  o f info rmatio n fo r a 2×2 system

T hree bits  o f info rmatio n fo r a 3×3 system

Lo o k o ut fo r clues such as ‘assuming a linear relatio nship’

Cho o se to  assign x, y & z to  the given variables

This will be helpful if using a GDC to  so lve

Or yo u can cho o se to  use mo re meaningful variables if yo u prefer

Such as c fo r the number o f cats and d fo r the number o f do gs

How do I use m y GDC t o solve a syst em  of  linear equat ions?

Yo u can use yo ur GDC to  so lve  the system o n the calculato r papers (paper 2 & paper 3)

Yo ur GDC will have a functio n within the algebra menu to  so lve a system o f linear equatio ns

Yo u will need to  cho o se the number o f equatio ns

Fo r two  equatio ns the variables will be x and y

Fo r three equatio ns the variables will be x, y and z

If required, write the equatio ns in the given fo rm

ax + by = c

ax + by + cz = d

Yo ur GDC will display the values o f x and y (o r x, y, and z)

Exam T ip

Make sure that yo u are familiar with ho w to  use yo ur GDC to  so lve a system o f linear equatio ns

because even if yo u are asked to  use an algebraic metho d and sho w yo ur wo rking, yo u can

use yo ur GDC to  check yo ur �nal answer

If a systems o f linear equatio ns questio n is asked o n a no n-calculato r paper, make sure yo u

check yo ur �nal answer by inputting the values into  all o riginal equatio ns to  ensure that they

satisfy the equatio ns
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Worked example

On a mo bile pho ne game, a player can purchase o ne o f three po wer-ups (�re, ice, electricity)

using their po ints.

Adam buys 5 �re, 3 ice and 2 electricity po wer-ups co sting a to tal o f 1275 po ints.

Alice buys 2 �re, 1 ice and 7 electricity po wer-ups co sting a to tal o f 1795 po ints.

Alex buys 1 �re and 1 ice po wer-ups which in to tal co sts 5 po ints less than a single electricity

po wer up.

 Find the co st o f each po wer-up.
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1.10.2 Algebraic Solutions

Row Reduction

How can I writ e a syst em  of  linear equat ions?

To  save space we can just write the co e�cients witho ut the variables

Fo r 2 variables: 
a1x+b1y=c1
a2x+b2y=c2

 can be written sho rthand as 

⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

a1 b1
a2 b2






c1
c2

Fo r 3 variables: 

a1x+b1y+c1z=d1
a2x+b2y+c2z=d2
a3x+b3y+c3z=d3

 can be written sho rthand as 

⎡
⎢
⎢
⎢
⎢
⎣

⎤
⎥
⎥
⎥
⎥
⎦

a1 b1 c1
a2 b2 c2
a3 b3 c3








d1
d2
d3

What  is a row reduced syst em  of  linear equat ions?

A system o f linear equatio ns is in ro w reduced fo rm if it is written as:

⎡
⎢
⎢
⎢
⎢
⎣

⎤
⎥
⎥
⎥
⎥
⎦

A1 B1 C1

0 B2 C2

0 0 C3








D1

D2

D3

 which co rrespo nds to  

A1x+B1y+C1z=D1

B2y+C2z=D2

C3z=D3
It is very helpful if the values o f A , B , C are equal to  1

What  are row operat ions?

Ro w o peratio ns  are used to  make the linear equatio ns simpler to  so lve

They do  no t a�ect the so lutio n

Yo u can switch any two  ro ws

⎡
⎢
⎢
⎢
⎢
⎣

a1 b1 c1
a2 b2 c2
a3 b3 c3








d1
d2
d3

⎤
⎥
⎥
⎥
⎥
⎦

  can be written as 

⎡
⎢
⎢
⎢
⎢
⎣

a3 b3 c3
a2 b2 c2
a1 b1 c1








d3
d2
d1

⎤
⎥
⎥
⎥
⎥
⎦

 using r ↔ r

This is useful fo r getting z ero s to  the bo tto m

Or getting a o ne to  the to p

Yo u can multiply any ro w by a (no n-z ero ) co nstant

1 2 3 

1 3
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⎡
⎢
⎢
⎢
⎢
⎣

a1 b1 c1
a2 b2 c2
a3 b3 c3








d1
d2
d3

⎤
⎥
⎥
⎥
⎥
⎦

 can be written as 

⎡
⎢
⎢
⎢
⎢
⎣

a1 b1 c1
ka2 kb2 kc2
a3 b3 c3








d1
kd2
d3

⎤
⎥
⎥
⎥
⎥
⎦

 using k×r  → r

This is useful fo r getting a 1 as the �rst no n-z ero  value in a ro w

Yo u can add multiples o f  a ro w to  ano ther ro w

⎡
⎢
⎢
⎢
⎢
⎣

a1 b1 c1
a2 b2 c2
a3 b3 c3








d1
d2
d3

⎤
⎥
⎥
⎥
⎥
⎦

 can be written as 

⎡
⎢
⎢
⎢
⎢
⎣

a1 b1 c1
a2+5a3 b2+5b3 c2+5c3

a3 b3 c3








d1
d2+5d3

d3

⎤
⎥
⎥
⎥
⎥
⎦

 using r + 5r  → r

This is useful fo r creating z ero s under a 1

How can I row reduce a syst em  of  linear equat ions?

ST EP 1: Get a 1 in the to p lef t co rner

Yo u can do  this by dividing the ro w by the current value in its place

If the current value is 0 o r an awkward number then yo u can swap ro ws �rst

⎡
⎢
⎢
⎢
⎣

1 B1 C1

* * *
* * *







D1

*
*

⎤
⎥
⎥
⎥
⎦

ST EP 2: Get 0’s in the entries belo w the 1

Yo u can do  this by adding/subtracting a multiple o f  the �rst ro w to  each ro w

⎡
⎢
⎢
⎢
⎣

1 B1 C1

0 * *
0 * *







D1

*
*

⎤
⎥
⎥
⎥
⎦

ST EP 3: Igno re the �rst ro w and co lumn as they are no w co mplete

Repeat ST EPS 1 - 2  to  the remaining sectio n

Get a 1: 

⎡
⎢
⎢
⎢
⎣

1 B1 C1

0 1 C2

0 * *







D1

D2

*

⎤
⎥
⎥
⎥
⎦

Then 0 underneath: 

⎡
⎢
⎢
⎢
⎣

1 B1 C1

0 1 C2

0 0 *







D1

D2

*

⎤
⎥
⎥
⎥
⎦

ST EP 4 : Get a 1 in the third ro w

Using the same idea as ST EP 1

2 2

2 3 2
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⎡
⎢
⎢
⎢
⎢
⎣

1 B1 C1

0 1 C2

0 0 1








D1

D2

D3

⎤
⎥
⎥
⎥
⎥
⎦

How do I solve a syst em  of  linear equat ions once it  is in row reduced f orm ?

Once yo u ro w reduced the equatio ns yo u can then co nvert back to  the variables

⎡
⎢
⎢
⎢
⎢
⎣

⎤
⎥
⎥
⎥
⎥
⎦

1 B1 C1

0 1 C2

0 0 1








D1

D2

D3

 co rrespo nds to  

x+B1y+C1z=D1

y+C2z=D2

z=D3
So lve the equatio ns starting at the bo tto m

Yo u have the value fo r z fro m the third equatio n

Substitute z into  the seco nd equatio n and so lve fo r y

Substitute z and y into  the �rst each and so lve fo r x

Exam T ip

To  reduce the number o f o peratio ns yo u do  whilst so lving a system o f o peratio ns, yo u can

do  a co uple o f things:

Yo u can set up yo ur o riginal matrix with the equatio ns in any o rder, so  if o ne o f the

equatio ns already has a 1 in the to p left co rner, put that o ne �rst

Yo u do  no t need to  make every equatio n so  that it o nly has a single variable with a value o f

1, yo u just need to  do  that fo r 1 o f the equatio ns and use that result to  wo rk o ut the o thers

Worked example

So lve the fo llo wing system o f linear equatio ns using algebra.

2x−3y+4z=14
x+2y−2z=−2
3x−y−2z=10
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Number of Solutions to a System

How m any solut ions can a syst em  of  linear equat ions have?

There co uld be

1 unique so lutio n

No  so lutio ns

An in�nite number o f so lutio ns

Yo u can determine the case by lo o king at the ro w reduced fo rm

How do I know if  t he syst em  of  linear equat ions has no solut ions?

Systems with no  so lutio ns  are called inco nsistent

When trying to  so lve the system after using the ro w reductio n metho d yo u will end up with a

mathematical statement which is never true:

Such as: 0 = 1

The ro w reduced system will co ntain:

At least o ne ro w where the entries to  the lef t o f  the line are z ero  and the entry o n the right o f

the line is no n-z ero

Such a ro w is called  inco nsistent

Fo r example:

Ro w 2 is inco nsistent 

⎡
⎢
⎢
⎢
⎢
⎣

1 B1 C1

0 0 0
0 0 1








D1

D2

D3

⎤
⎥
⎥
⎥
⎥
⎦

 if D is no n-z ero

How do I know if  t he syst em  of  linear equat ions has an in�nit e num ber of  solut ions?

Systems with at least o ne so lutio n are called co nsistent

The so lutio n co uld be unique o r there co uld be an in�nite number o f so lutio ns

When trying to  so lve the system after using the ro w reductio n metho d yo u will end up with a

mathematical statement which is always true

Such as: 0 = 0

The ro w reduced system will co ntain:

At least o ne ro w where all the entries are z ero

No  inco nsistent ro ws

Fo r example:

⎡
⎢
⎢
⎢
⎣

⎤
⎥
⎥
⎥
⎦

1 B1 C1

0 1 C2

0 0 0







D1

D2

0

2 
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How do I �nd t he g eneral solut ion of  a dependent  syst em ?

A dependent system o f linear equatio ns is o ne where there are in�nite number o f  so lutio ns

The general so lutio n will depend o n o ne o r two  parameters

In the case where two  ro ws are z ero

Let the variables co rrespo nding to  the z ero  ro ws  be equal to  the parameters λ & μ
Fo r example: If the �rst and seco nd ro ws are z ero  ro ws then let x = λ & y = μ

Find the third variable in terms o f the two  parameters using the equatio n fro m the third ro w

Fo r example: z = 4λ – 5μ + 6

In the case where o nly o ne ro w is z ero

Let the variable co rrespo nding to  the z ero  ro w be equal to  the parameter λ
Fo r example: If the �rst ro w is a z ero  ro w then let x = λ

Find the remaining two  variables in terms o f  the parameter using the equatio ns fo rmed by

the o ther two  ro ws

Fo r example: y = 3λ – 5 & z = 7 – 2λ

Exam T ip

Co mmo n questio ns that po p up in an IB exam include questio ns with equatio ns o f lines

Being able to  reco gnise whether there are no  so lutio ns, 1 so lutio n o r in�nite so lutio ns is really

useful fo r identifying if lines are co incident, skew o r intersect!
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a)

b)

Worked example

x+2y−z=3
3x+7y+z=4

x−9z=k

Given that the system o f linear equatio ns has an in�nite number o f equatio ns, �nd the

value o f k .

Find a general so lutio n to  the system.
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