
1.1 Number Toolkit

AI HL



1.1.1 Standard Form

Standard Form

Standard f o rm (so metimes called scienti�c no tatio n o r standard index f o rm) gives us a way o f

writing very big and very small numbers using po wers o f 10.

Why use st andard f orm ?

So me numbers are to o  big o r to o  small to  write easily o r fo r yo ur calculato r to  display at all

Imagine the number 50 , the answer wo uld take 84 digits to  write o ut

Try typing 50 into  yo ur calculato r, yo u will see it displayed in standard f o rm

Writing very big o r very small numbers in standard fo rm allo ws us to :

Write them mo re neatly

Co mpare them mo re easily

Carry o ut calculatio ns mo re easily

Exam questio ns co uld ask fo r yo ur answer to  be written in standard fo rm

How is st andard f orm  writ t en?

In standard fo rm numbers are always written in the fo rm a×10k  where a and k satisfy the

fo llo wing co nditio ns:

1 ≤a<10
So  there is o ne no n – z ero  digit befo re the decimal po int

k ∈ℤ
So  k  must be an integer

k>0 fo r large numbers

Ho w many times a is multiplied by 10

k<0 fo r small numbers

Ho w many times a is divided by 10

How are calculat ions carried out  wit h st andard f orm ?

Yo ur GDC will display large and small numbers in standard fo rm when it is in no rmal mo de

Yo ur GDC may display standard fo rm as aEn

Fo r example, 2 .1 × 10−5  will be displayed as 2 .1E−5
If so , be careful to  rewrite the answer given in the co rrect f o rm, yo u will no t get marks

fo r co pying directly fro m yo ur GDC

Yo ur GDC will be able to  carry o ut calculatio ns in standard fo rm

50  

50  
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If yo u put yo ur GDC into  scienti�c mo de it will auto matically co nvert numbers into  standard

fo rm

Beware that yo ur GDC may have mo re than o ne mo de when in scienti�c mo de

This relates to  the number o f signi�cant �gures the answer will be displayed in

Yo ur GDC may add extra z ero s to  �ll spaces if wo rking with a high number o f signi�cant

�gures, yo u do  no t need to  write these in yo ur answer

To  add o r subtract numbers written in the fo rm a × 10k  witho ut yo ur GDC yo u will need to  write

them in full fo rm �rst

Alternatively yo u can use 'matching po wers o f 10', because if the po wers o f 10 are the same,

then the 'number parts' at the start can just be added o r subtracted no rmally

Fo r example  

( )6 .3×1014 + ( )4 .9×1013 = ( )6 .3×1014 + ( )0 .49×1014 = 6 .79×1014
Or  

( )7.93×10−11 − ( )5.2×10−12 = ( )7.93×10−11 − ( )0.52×10−11 = 7.41×10−11

To  multiply o r divide numbers written in the fo rm a × 10k  witho ut yo ur GDC yo u can either write

them in full fo rm �rst o r use the laws o f indices

Exam T ip

Yo ur GDC will give very big o r very small answers in standard fo rm and will have a setting which

will allo w yo u to  carry o ut calculatio ns in scienti�c no tatio n

Make sure yo u are familiar with the fo rm that yo ur GDC gives answers in as it may be di�erent

to  the fo rm yo u are required to  use in the exam
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i)

Worked example

Calculate the fo llo wing, giving yo ur answer in the fo rm a×10k , where 1≤a<10  and k∈ℤ .

3780 × 200

 ii) (7 × 105) − (5 × 104)
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iii)
(3 .6×10−3) (1 .1×10−5)
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1.1.2 Approximation & Estimation

Upper & Lower Bounds

What  are bounds?

Bo unds are the smallest (lo wer bo und, LB) and largest (upper bo und, UB) numbers that a

ro unded number can lie between

It simply means ho w lo w o r high the number co uld have been befo re it was ro unded

The bo unds fo r a number, x , can be written as LB≤x<UB
No te that the lo wer bo und is included in the range o f values x co uld have taken but the upper

bo und is no t

How do we �nd bounds?

The basic rule is “half up, half do wn”

To  �nd the upper bo und add o n half the degree o f accuracy

To  �nd the lo wer bo und take o � half the degree o f accuracy

Remember that the upper bo und is the cut o � po int fo r the greatest value that the number co uld

have been ro unded fro m but will no t actually ro und to  the number itself

How do we calculat e using  bounds?

Find bo unds befo re carrying o ut the calculatio n and then use the rules:

To  add UB = UB + UB and LB = LB + LB

To  multiply UB = UB × UB and LB = LB × LB

To  divide UB = UB / LB and LB = LB / UB

To  subtract UB = UB - LB and LB = LB – UB

Use lo gic to  decide which bo und to  use within the calculatio n

Fo r example if yo u are �nding the maximum vo lume o f a sphere with the radius given co rrect

to  1 decimal place substitute the upper bo und o f the radius into  yo ur calculatio n fo r the

vo lume

Exam T ip

When in an exam enviro nment it can be easy to  make silly erro rs in questio ns like this, read the

questio n carefully to  determine which parts bo unds need to  be fo und fo r

This will no rmally be any part in the questio n that has been ro unded 
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a)

b)

Worked example

A rectangular �eld has length, L , o f 14.3 m co rrect to  1 decimal place and width, W , o f 9.61 m

co rrect to  2 decimal places.

Calculate the lo wer and upper bo und fo r L  and W .

Calculate the lo wer and upper bo und fo r the perimeter, P , and area, A , o f the �eld.
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Approximating Values

How do I know what  t o round m y answer t o?

Unless o therwise to ld, always ro und yo ur answers to  3 signi�cant �gures (3 s.f.)

The �rst no n-z ero  digit is the �rst signi�cant  digit

The �rst digit after the third signi�cant digit determines whether to  'ro und up' (≥ 5) o r 'leave

it alo ne' (<5)

where the ‘it’ we are ro unding up o r leaving alo ne is the third signi�cant �gure

Yo ur �nal answer will have three signi�cant digits  and the rest will be z ero

Any z ero  af ter the �rst signi�cant digit is still signi�cant

Fo r large numbers be careful no t to  change the place value  o f the signi�cant digits, yo u

will have to  �ll in any z ero s after the third signi�cant �gure

If yo ur GDC is in scienti�c mo de  it may display unnecessary z ero s after the decimal po int,

yo u do  no t need to  co py these

Lo o k o ut fo r any questio ns that ask yo u to  ro und yo ur answer in a di�erent way

Questio ns o ften ask fo r 2 decimal places (2 d.p.)

Yo ur �nal answer will o nly have 2 digits after the decimal po int

Fo r 2 d.p. it is the third digit after the decimal place that determines whether to  'ro und up'

(5) o r 'leave it alo ne' (<5)

If yo u are wo rking with a currency  yo u must cho o se the appro priate degree o f accuracy

Fo r mo st this will be a who le number

E.g. yen, yuan, peso

Fo r o thers this will be to  2 decimal places

E.g. do llars, euro , po unds

It will be clear fro m the questio n which currency yo u are using and ho w yo u sho uld ro und yo ur

answer

The questio n will state the name o f the currency and the symbo l yo u sho uld use as a unit

E.g. YEN, ￥

Are t here cases when I always have t o round up?

Yes - there are cases when it makes sense to  always ro und up (o r do wn)

These no rmally invo lve �nding the minimum o r maximum number o f o bjects

Fo r example co nsider the scenario : There are 26 peo ple and 5 peo ple can �t in a single

vehicle, ho w many vehicles are needed?

26
5 =5 .2  and no rmally we'd ro und to  5

Ho wever 5 vehicles wo uldn't be eno ugh as there wo uld o nly be ro o m fo r 25 peo ple

In this case we wo uld ro und up to  �nd the minimum number needed

These kind o f pro blems can be so lved by inequalities
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Fo r x>k  take the smallest value  o f x at the appro priate degree o f accuracy that is greater

than k

Fo r example: Using 3sf the smallest so lutio n to  x > 2.5731... is x = 2.58

Fo r x<k  take the biggest value  o f x at the appro priate degree o f accuracy that is less than k

Fo r example: The biggest integer so lutio n to  x < 10.901... is x = 10

Exam T ip

In the exam yo u sho uld always give no n exact answers co rrect to  3 signi�cant �gures unless

o therwise to ld

This means yo u must ro und using a higher degree o f accuracy within yo ur wo rking to

ensure that yo ur �nal answer is ro unded co rrectly

Where po ssible always use exact values within yo ur wo rking rather than ro unding mid way

thro ugh a questio n
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a)

b)

c)

Worked example

Let T=
b sin( )3a

5 , where a=15° and b=20.

Calculate the exact value o f T .

Give yo ur answer fro m part a) co rrect to  two  decimal places.

Give yo ur answer fro m part a) co rrect to  two  signi�cant �gures.
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Percentage Error

What is percentage erro r?

Percentage erro r is ho w far away fro m the actual value an estimated o r ro unded answer is

Percentage erro r can be calculated using the fo rmula

ε=








vA−vE
vE

×100%

where vE  is the exact value and vA  is the appro ximate value o f v
The | | is the abso lute value  meaning if yo u get a negative value within these straight

brackets, yo u sho uld take the po sitive  value

This fo rmula is  in the f o rmula bo o klet so  yo u do  no t need to  remember it

The further away the estimated answer is fro m the true answer the greater the percentage erro r

If the exact value is given as a surd o r a multiple o f π make sure yo u enter it into  the fo rmula exactly

as yo u see it

Percentage erro r sho uld always be a po sitive number

Exam T ip

In the exam percentage erro r will usually be a part o f a bigger questio n o n ano ther to pic, make

sure yo u kno w ho w to  �nd the fo rmula fo r it in the fo rmula bo o k so  that yo u are prepared to

answer these questio ns
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a)

b)

Worked example

Let P=xcos( )2y , where  y=15° and x=4.

Calculate the exact value o f P .

Calculate the percentage erro r if an estimate fo r P  was 3.5.
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Accuracy & Estimation

What  are exact  values?

Exact values are fo rms that represent the full and precise value o f a number

Fo r example, π is an exact value and 3.14 is an appro ximatio n using 3 signi�cant �gures

If a number has an in�nite number o f no n-z ero  digits after the decimal po int then yo u can use

three do ts to  signal that the decimal representatio n go es o n fo r example

Fo r example, √2 = 1.414...

Exact values can invo lve

Fractio ns:  
2
7

Ro o ts: 3 , 
5 7

Lo garithms: ln2 , log105

Mathematical co nstants: π, e

Yo ur GDC might auto matically give yo ur answer as an exact answer

If yo ur GDC do es no t do  this then yo u may need to  evaluate parts o f the expressio n separately

and use algebra

Fo r example: If  f (x)=ex (2+ x )  then yo ur GDC will pro bably no t give yo u the exact value

o f f (2)

Yo u wo uld insist evaluate it witho ut a GDC to  get the exact value: f (2)=e2 (2+ 2 )

Why use est im at ion?

We estimate  to  �nd appro ximate answers to  di�cult sums

Or to  check o ur answers are abo ut the right siz e (o rder o f magnitude)

Fo r example, if the questio n is to  �nd a length the answer canno t be negative

o r if we are lo o king fo r the mean age o f so me peo ple an answer o f 150 must be inco rrect

Estimating an answer befo re carrying o ut a calculatio n will help yo u kno w what yo u are lo o king fo r

and determine if yo ur answer is likely to  be co rrect o r no t

In real life estimatio n skills are used every day in many activities

How do I choose t he correct  answer?

So metimes a mathematical argument will lead to  mo re than o ne answer

This is co mmo n with pro blems invo lving quadratics, yo u will usually have two  so lutio ns
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If yo u have mo re than o ne so lutio n after yo u have so lved a pro blem, always  check to  see if

they are bo th valid

Mo st o f the time yo u can simply use lo gic to  cho o se the co rrect answer

If the pro blem invo lves length o r area and o ne o f the answers is negative, the true so lutio n will

be the po sitive answer

Occasio nally yo u will need to  see if an answer can be valid

If o ne o f yo ur answers is cos x>1fo r example, x will no t give a true so lutio n

Exam T ip

Be aware that yo ur GDC will no t always give yo u an answer as an exact value, this means that

yo u will need to  �nd the exact value by hand
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a)

b)

Worked example

A rectangular �o o r has an area o f 40 m  to  the nearest square metre. It is go ing to  be tiled using

square tiles with side length 39.8 cm.

Use estimatio n to  �nd the number o f tiles needed to  co ver the who le area.

Given that there are 15 mo re tiles places length-wise than width-wise, �nd the

appro ximate length and width o f the �o o r.

2
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1.1.3 GDC: Solving Equations

Systems of Linear Equations

What  are syst em s of  linear equat ions?

A linear equatio n is an equatio n o f the �rst o rder (degree 1)

It is usually written in the fo rm ax + by + c = 0 where a, b, and c are co nstants

A system o f linear equatio ns is where two  o r mo re linear equatio ns wo rk to gether

Usually there will be two  equatio ns with the variables x and y

The variables x and y will satisfy all equatio ns

They are usually kno wn as simultaneo us equatio ns

Occasio nally there may be three equatio ns with the variables x, y and z

They can be co mplicated to  so lve but yo ur GDC has a functio n allo wing yo u to  so lve them

The questio n may say ‘using techno lo gy, so lve…’

This means yo u do  no t need to  sho w a metho d o f so lving the system o f equatio ns, yo u

can use yo ur GDC

How do I use m y GDC t o solve a syst em  of  linear equat ions?

Yo ur GDC will have a functio n within the algebra menu to  so lve a system o f linear equatio ns

Yo u will need to  cho o se the number o f equatio ns

Fo r two  equatio ns the variables will be x and y

Fo r three equatio ns the variables will be x, y and z

Enter the equatio ns into  yo ur calculato r as yo u see them written

Yo ur GDC will display the values o f x and y (o r x, y, and z)

How do I set  up a syst em  of  linear equat ions?

No t all questio ns will have the equatio ns written o ut fo r yo u

There will be two  bits o f info rmatio n given abo ut two  variables

Lo o k o ut fo r clues such as ‘assuming a linear relatio nship’

Cho o se to  assign x to  o ne o f the given variables and y to  the o ther

Or yo u can cho o se to  use mo re meaningful variables if yo u prefer

Such as c fo r cats and d fo r do gs

Write yo ur system o f equatio ns in the fo rm

ax+by=e
cx+dy= f

Use yo ur GDC to  so lve the system o f equatio ns

This functio n o n the GDC can also  be used to  �nd the po ints o f intersectio n o f two  straight line

graphs
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Yo u may wish to  use the graphing sectio n o n yo ur GDC to  see the po ints o f intersectio n

Exam T ip

Be sure to  write do wn what yo u are putting into  yo ur GDC

If yo u have had to  set up the system o f equatio ns as well make sure yo u write them do wn

clearly befo re typing into  yo ur GDC
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i)

ii)

Worked example

A theme park has set ticket prices fo r adults and children.  A gro up o f three adults and nine

children co sts $153 and a gro up o f �ve adults and eleven children co sts $211.

Set up a system o f linear equatio ns fo r the co st o f adult and child tickets.

Find the price o f o ne adult and o ne child ticket.
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Polynomial Equations

What  is a polynom ial equat ion?

A po lyno mial is an algebraic expressio n co nsisting o f a �nite number o f terms, with no n-negative

integer indices o nly

It is in the fo rm axn+bxn−1+cxn−2+ . . . , n∈ℕ
A po lyno mial equatio n is an equatio n where a po lyno mial is equal to  z ero

The number o f so lutio ns (ro o ts o r z ero s) depend o n the o rder o f the po lyno mial equatio n

A po lyno mial equatio n o f o rder two  can have up to  two  so lutio ns

A po lyno mial equatio n o f o rder �ve can have up to  �ve so lutio ns

A po lyno mial equatio n o f an o dd degree will always have at least o ne so lutio n

A po lyno mial equatio n o f an even degree co uld have no  so lutio ns

Ho w do  I use my GDC to  so lve po lyno mial equatio ns?

Yo u sho uld use yo ur GDC’s graphing mo de to  lo o k at the shape o f the po lyno mial

Yo u will be able to  see the number o f so lutio ns

This will be the number o f times the graph cuts thro ugh o r to uches the x-axis

When entering a functio n into  the graphing sectio n yo u may need to  adjust yo ur z o o m

settings to  be able to  see the full graph o n yo ur display

Whilst in this mo de yo u can then cho o se to  analyse the graph

This will give yo u the o ptio n to  see the so lutio ns o f the po lyno mial equatio n

This may be written as the z ero s (po ints where the graph meets the x-axis)

Yo ur GDC will also  have a functio n within the algebra menu to  so lve po lyno mial equatio ns

Yo u will need to  enter the o rder (highest degree) o f the po lyno mial

This is the highest po wer (o r expo nent) in the equatio n

Enter the equatio n into  yo ur calculato r

Yo ur GDC will display the so lutio ns (ro o ts) o f the equatio n

Be aware that yo ur GDC may either sho w all so lutio ns o r o nly the �rst so lutio n, it is always

wo rth plo tting a graph o f the functio n to  check ho w many so lutio ns there sho uld be

Exam T ip

Be sure to  write do wn what yo u are putting into  yo ur GDC

If yo u are using a graphical metho d it is o ften a go o d idea to  sketch the graph that yo ur GDC

display sho ws

Do n't spend to o  much time o n this, a very quick sketch is �ne
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i)

ii)

Worked example

Fo r the po lyno mial equatio n 2x3−2x2−3x+4=0:

Use yo ur GDC’s graphing functio n to  sketch the graph o f y=2x3−2x2−3x+4  and

determine the number o f so lutio ns to  the po lyno mial equatio n.

Use yo ur GDC to  �nd the so lutio n(s) o f the po lyno mial equatio n.
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